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Abstract

One of the most fundamental properties of a superconductor is its response to mag-
netic fields, such as its tendency to generate a counter-current that completely expels
magnetic induction in the material. The study of a type-II superconductor, in par-
ticular, the vortex state when subject to a magnetic field is important for various
practical applications. Therefore it is of interest to study the underlying mechanism
behind it through the microscopic description. This thesis investigates properties of
the vortex state of a superconductor from various viewpoints: 1) the phenomenolog-
ical description (based on the London eq. and GL theory), and 2) the microscopic
description of s-wave superconductivity (based on the tight binding model and BCS
theory). Initially, some phenomenological description of the vortex state are pre-
sented and calculated through London equations and GL theory. The real-space
microscopic description of a superconductor is then constructed from BCS theory
and second quantization formalism. To do this, one uses the Bogoliubov-de Gennes
equation to self consistently determine the superconducting order (gap) parameter.
Implementation of magnetic fields in the system are done by introducing Peierls
substitution and a gauge transformation in periodic boundary hoppings. With all
the prerequisite knowledge, some phyisical parameters are numerically calculated
to confirm that is indeed consistent with the phenomenological description. This
includes the minimization of the free energy in the superconducting state, formation
of the supercurrent, as well as flux pinning of vortices.
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Chapter 1

Introduction

1.1 What is Superconductivity?

In 1911, an experiment to study the resistance of pure mercury under low tempera-
ture was conducted by Kannerlingh Onnes. Due to Onnes’ contributions in advanc-
ing the field of cryogenics, ambient temperatures at that time can be brought down
to 1.5K through the liquefaction of helium. It was then discovered, that around
4.3K, the resistance of mercury abruptly drops to a value indistinguishable to zero
[1].

This discovery became the conception of superconductivity. When passing below
a critical temperature Tc, the superconducting phase can be characterized by two
prominent physical properties. The first is perfect conductivity; the vanishing of
resistance as discovered by Onnes, with further evidence shown by the capability
of superconductors to produce a persistent current [2]. The second is perfect dia-
magnetism, which is the tendency for superconductors to form magnetic dipoles
moments that opposes the applied external magnetic field known as the Meißner
effect. As a consequence, magnetic flux is are also prevented from penetrating the
interior of the superconducting material (see Fig. 1.1) [3].

Figure 1.1: The Meißner effect: Under perfect diamagnetism, an opposing current
generates a magnetic field that opposes the applied field.

Since then, superconductivity has become a well-known phase of solid-state mat-
ter. The macroscopic description has been well developed by London, Pippard, and
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1.1. What is Superconductivity?

Ginzburg-Landau theory, while BCS theory has paved the way to the microscopic
understanding of the phenomena. Nevertheless, there is still considerable interest in
fundamental research within the field, particularly in the microscopic theory of high-
Tc superconductors, which is yet to be found. The current practical application of
superconductivity is broad, from usage in fault-current limiters to superconducting
magnets in medical imaging [4]. Therefore, studying the behaviour of supercon-
ductors in various state variables, in particular magnetic fields, is of the utmost
importance.

1.1.1 Phase transition in superconductivity

Before discussing superconductivity as a phase transition, we must first understand
the concept of phase transitions.

From the macroscopic perspectives, we know that matter can take different states
such as solid, liquid, and gas. These states can be distinguished in terms of the way
the atoms within each matter are organized, positioned, and interact.

More precisely, the phase transition is then associated with the breaking of symme-
tries. In the case of liquid to solid, it is the breaking of the continuous translational
and rotational symmetry. This occurs because particles in liquid possess a random
position and orientation while particles in solid are fixed positions and orientations.

In the case of superconductivity, a phase transition exists due to the breaking of the
U(1) gauge symmetry. This implies that the internal energy of the superconduct-
ing system is not invariant under a gauge transformation, which corresponds to a
complex phase shift in the wave function [5].

The breaking of symmetries in many of these systems can be observed in order pa-
rameters. These are parameters that show whether a phase transition has occurred.
For the case of a superconducting system it is the superconducting gap,

∆ = V 〈c↓c↑〉, V < 0 (1.1)

where c†↑ and c†↓ are spin-dependent fermionic annihilation operators and V < 0 is an
interaction constant. The expectation value of the fermionic annihilation operators
along with its conjugate represent the formation of bound electrons called the Cooper
pair.

Contrary to other order parameters, the gap is in general a complex quantity, due
to the to the aforementioned symmetry breaking under gauge transformation of
c→ ceiθ on the expectation of annihilation operators. The usage of second quantized
formalism will be introduced later in the chapter.

1.1.2 Type-II superconductors and the vortex state

In the five decades after the initial discovery of superconductivity, studies in the
behaviour of superconducting alloys in magnetics has been intensively discussed
and studied.
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1.2. Second quantization

Figure 1.2: Flux lattice structure of a vortex state, observed through the deposition
of ferromagnetic particles formed near a superconducting surface [12].

It was then experimentally shown by de Haas that a superconducting Bismuth wire
possesses two critical fields, before the superconducting state is destroyed. The
intermediate state where a slight increase followed by a constant trend of resistance,
was initially thought to exist due to the inhomogeneity of the sample [6]. This
explanation, however, proved to be flawed when Shubnikov showed that the two
critical fields still exist accounting for the inhomogeneity of the sample [7],

In 1957, Abrikosov was able to explain this phenomenon through Ginzburg-Landau
theory. He hypothesized that it is energetically favorable to form of magnetic flux
through the superconducting material, causing the intermediate state [8]. The mag-
netic flux penetrates the superconductor with a discrete strength of a single flux
quantum [9],

Φ0 =
hc

2e
1. (1.2)

Abrikosov also deduced that the magnetic flux forms a lattice structure which is ex-
perimentally confirmed by Essmann through direct observation (see Fig. 1.2). This
prediction is completed by Kleiner’s theoretical calculation showing that the equi-
librium positions of the vortex state was found to take a hexagonal lattice structure
[11], this is confirmed experimentally by Essmann [12]. This discovery becomes the
basis of the type-II superconductors as well as the intermediate ”vortex state”.

In this thesis, we will explore the properties of conventional superconductors under
a magnetic field, in particular, phenomena such as the vortex state. We will begin
with the phenomenological descriptions of the superconducting state in magnetic
fields. Afterward, the microscopic theory of conventional superconductors, based on
the tight-binding model and the BCS theory in real-space. will be applied.

1.2 Second quantization

Since superconductivity turns out to be a phenomenon of quantum mechanics of
many particle states of electrons that incorporate electron pairing interactions, a

1Intially, London’s calculation defined the quantum flux as Φ0 = hc
e , but an experiment by

Deaver and Fairbanks [10] has shown that it is Φ0 = hc
2e . This also shows early evidence of the

Cooper pair.
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1.2. Second quantization

microscopic description of a superconducting system can be constructed through
quantum mechanics. To this end, it is convenient to utilize the second quantization
formalism. This way we can describe many-particle systems without having to worry
about the dynamics of every particle. Therefore, this formalism will be an important
tool in the tight-binding model that will be used to describe superconductivity.

Second quantization hinges on two main grounds from quantum theory, which is the
indistinguishability of particles and the ability to form a basis in the Hilbert space
of N -particle state from single-particle states. Second quantization is explained
extensively in many textbooks, he we will follow the discussion from ”Many-body
quantum theory in condensed matter physics” by Bruus and Flensberg [13]. Let’s
first conceptualize this from first quantization.

1.2.1 N-particle state and indistinguishability

We consider a complete orthonormal single-particle basis {Ψνi(r)}, where ν is just
some complete set of quantum numbers2. Additionally, we generate an N-particle
state Ψ(r1, r2, ..., rN). Using the orthonormality of the single-state function, we can
obtain some (N − 1)-particle function Aν1 that can represent the N -particle state
in terms of a single-particle state.

Ψ(r′1, r2, ..., rN) =
∑
ν1

Ψν1(r′1)Aν1(r2, ..., rN) (1.3)

Aν1 can then be represented in terms of some (N − 2)-particle function Aν1,ν2 in a
similar manner. Continuing recursively N times, we will reach to the single-state
basis representation of N -particle state, as a linear superposition of products that
form a basis in the N -particle Hilbert space.

Ψ(r1, r2, ..., rN) =
∑

ν1,...,νN

Aν1,...,νN

N∏
i

Ψνi(ri) (1.4)

To obey the allowed symmetries under exchange of two particles, it turns out
that there are distinct particle types of bosons and fermions. To incorporate ex-
plicit fermion symmetry one can introduce the anti-symmetrization operator, Ŝ− =
det(

∏N
i Ψνi(ri)). We obtain a symmetric basis, where only occupied single-state

basis play a role [13].

Ψ(r1, r2, ..., rN) =
∑

ν1,...,νN

Bν1,...,νN Ŝ−

N∏
i

Ψνi(ri) (1.5)

Furthermore, the notion of indistinguishability of particles comes from the distinc-
tion between classical and quantum as pictured in Fig. 1.3.

Within classical mechanics, we can track identical particles given an initial condition
of position and momentum. Lets say we have chosen the red particle, we can then
follow the particle along the trajectory and distinguish one particle from another.

2For example, hydrogen orbital has ν = n, l,m, σ.
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1.2. Second quantization

Figure 1.3: Indistinuishability in quantum mechanics

This however breaks down in quantum mechanics, as tracking the trajectory of a
particle would violate Heisenberg’s uncertainty principle, σpσx ≥ ~/2, where σp and
σx is the uncertainty of momentum and position respectively. As a consequence,
what we can observe is a probability of where a particle might exist, without really
knowing which particle is which. Referring back to Fig. 1.3, once we have chosen a
point in space along the observables, one can only say that there is a superposition
of red and blue particles rather than one distinct particle.

1.2.2 Second quantization for fermionic systems

With indistinguishable particles and a well-defined complete basis, we have justified
in representing a simpler notation. This then leads to the occupation number rep-
resentation basis state. For this thesis, it will be assumed from now on, that the
occupation number ν = {k = (kx, ky), σ = ±1}, describing a free-electron particle
in two dimensions, with spin up and spin down,

|nk1,σ, nk2,σ, nk3,σ, ...〉 , (1.6)

where N =
∑

i,σ nki,σ is the total number of particles in the system. Accord-
ing to the exclusion principle, occupation number has a value of nνi = 0, 1 for
fermions. The space spanned by the basis is the Fock space

⊕
N FN , where FN =

span(|nk1,σ, nk2,σ, nk3,σ, ...〉 |
∑

i,σ nki,σ = N) [13].

The formalism depends on two important operators, the creation and annihilation
operator. Creation operator c†k,σ adds a particle in the occupation number ν, while
the annihilation operator ck,σ removes a particle.

Since the Pauli exclusion principle has to be taken into account, an annihilation of a
state with zero particle or a creation of particle in an occupied state vanishes. This
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1.2. Second quantization

property are described in the following,

ck,σ |nk,σ〉 =
√
nk,σ |nk,σ − 1〉 ,

c†k,σ |nk,σ〉 =
√
nk,σ + 1 |nk,σ + 1〉 .

(1.7)

The number of particle nk,σ can then be found through the number operator,

n̂k,σ = c†k,σck,σ. (1.8)

Note that if we consider beyond non-zero temperature, statistical mechanics have
to be taken into account and the number of particles have to follow the thermal
average of the state, which is given by the Fermi distribution,

〈n̂k,σ〉 = f(εk,σ) =
1

1 + e
1

kBT
(εk,σ−µ)

, (1.9)

where a chemical potential µ is given as particle number is not conserved in a grand
canonical ensemble.

The fermionic creation and annihilation operators then follow the anticommutator
relations,

{c†ki,σ, ckj ,σ′} = δki,kjδσ,σ′ ,

{cki,σ, ckj ,σ′} = 0,

{c†ki,σ, c
†
kj ,σ′} = 0,

(1.10)

where {A,B} = AB +BA.

It is also useful to extend the representation to real-space by using the quantum
field operator Ψσ(r). Using the Fourier transform of the reciprocal-space, one can
then find the relation,

Ψ†σ(r) =
∑
k

〈k, σ|r, σ〉 c†k,σ,

c†k,σ =

∫
dr 〈r, σ|k, σ〉Ψ†σ(r),

〈r, σ|k, σ〉 =
1√
Ω
eik·r,

(1.11)

with Ω being the system size, specifically Ω = N for an N -particle system.
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Chapter 2

Phenomenological description of
superconductivity

2.1 Magnetic field calculations through London

equation

The London equations are one of the first attempts to describe the superconduct-
ing phenomena found in the Meißner-Ochsenfeld effect through the dynamics of a
supercurrent Js under electromagnetic fields [14],

∂t(ΛJs) = E

c∇× ΛJs = −B

Λ =
m

nse2

(2.1)

where “acceleration” constant Λ is the value at which the supercurrent evolves, that
depends on the number density of superconducting electrons ns, elementary charge
e, and electronic mass m. In this chapter, Tinkham’s discussion on the applications
of this equation in the phenomenological description will be followed [15].

While the first London equation describes the influence of an electric field towards
electrons in a supercurrent, the second equation carries a physical significance, as
it shows that the propagating supercurrent in a material gives rise to an opposing
magnetic field that contributes to the perfect diamagnetism in superconductors.

The form of the London equation is motivated by the fact that the lowest electronic
free energy corresponds to a zero net current [16]. By carrying this over to the
canonical momentum of an electron in an electromagnetic field, mv + eA/c, one
obtains an average drift velocity of the current and hence also the supercurrent,

Js = nse〈vs〉 = −nse
2

mc
A = − 1

Λc
A (2.2)

This relation is also known as the London gauge. Taking the curl of Eq. (2.2) leads
to the London equations [15].

Using Ampere’s law in Maxwell’s equation, 4π/cJs =∇×B (Gaussian units), the

7



2.1. Magnetic field calculations through London equation

magnetic profile of a superconducting material can be deduced.

B = −λ2∇×∇×B

= λ2∇2B
(2.3)

The second order differential equation of the magnetic field is obtained by a sim-
ple vector identity and then noting that Maxwell’s equation does not permit the
existence of magnetic monopoles ∇·B = 0. This then gives a solution, where mag-
netic field decays exponentially as one get further from the superconducting surface,
inside the material. The attenuation of the magnetic field is characterized by the
penetration depth λ2 = c2Λ/(4π).

Furthermore, by assuming a steady supercurrent, we can also show by Helmholtz’s
theorem that the superconducting state does not obey Ohm’s law. This is an impor-
tant point, as it distinguishes a superconductor to an ideal conductor (see Appendix
A.1).

2.1.1 Magnetic field of a superconducting slab

To show the application of London equations, we consider a superconducting slab
of length d, with a uniformly applied field Ba.

Figure 2.1: Uniform field on a superconducting slab.

We can reduce this into a simple 1D boundary-value problem. For convenience, we
will set our origin in the middle of the slab.

Taking the expected magnetic profile (Eq. 2.3), we can propose the ansatz for 1D
to be,

Bx(x) = C+e
x
λ + C−e

− x
λ . (2.4)

Since the minimum of the magnetic field should be located in the middle of the slab,
we can deduce,

dBx

dx
(0) = 0 = C+ − C−

⇒ C = C+ = C−

⇒ Bx(x) = 2C cosh
x

λ
.

(2.5)

It is known that there exist no attenuation of field outside the superconducting
material, therefore,

Ba = Bx

(
−d

2

)
= Bx

(
d

2

)
⇒ Ba = C cosh

d

2λ
.

(2.6)
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2.2. Vortex lattice

With the formula above, one can produce through simple electrodynamics the mag-
netic field profile of a superconducting material.

B(x) =

{
Ba

coshx/λ
cosh d/(2λ)

ex if |x| < d
2

Baex else
(2.7)

Recalling that λ2 ∝ 1
ns

, we can also see that the more superconducting electrons
exists, the faster the magnetic field drops to zero, since the hyperbolic prefactor
exponentially increases with lower penetration depth.

2.2 Vortex lattice

The superconducting characteristic of a material is determined by the GL parameter
κ given by,

κ =
λ

ξ
. (2.8)

For κ ≤ 1√
2

it is a type-I superconductor, characterized by the Meißner effect.

While for κ > 1√
2

one obtains a type-II superconductor. The coherence length ξ is a
parameter that determines the length scale of interactions between electrons, which
is associated to the formation of Cooper pairs [15]. To phenomenologically obtain
ξ, one can use the Ginzburg-Landau theory which is discussed in Appendix B. In
addition to this, ξ can also be determined microscopically by studying the spatial
variation of the superconducting order (gap) parameter, as we will see in Chapter
4.

When field densities are in the range of Φ0/λ
2 / Ba � Φ0/ξ

2, the intermediate
vortex state forms a periodic lattice, where there will be integer numbers of flux
quantum Φ0 adding up to the external magnetic field Ba. We will therefore in-
vestigate the field distribution as well as the reason behind its underlying lattice
structure in nature.

2.2.1 Periodic structure and reciprocal lattice

To describe periodic structures, such as the vortex lattice, it is convenient to use
primitive lattice vectors ai ∈ {1, 2}, where each lattice site can be described as
integer sums of these vectors. In this section, we will investigate vortices for square
and hexagonal lattice structures, with the following primitive vectors,

ai = aei, i = 1, 2 (2.9)

for square lattice and,

a1 = ae1

a2 =
a

2
e1 +

√
3a

2
e2

(2.10)

for a hexagonal lattice, where a is the lattice constant of the system.

9



2.2. Vortex lattice

Figure 2.2: Unit cells of square and hexagonal lattice can periodically represent
systems

From this, every point in the lattice can be written as a superposition of the primitive
vectors,

ri = nia1 +mia2 (2.11)

where i is a lattice site of coordinate {ni,mi}.
Analogously, due to periodicity, one can define the reciprocral lattice,

Qi = hib1 + kib2 (2.12)

with the constraint eiQi·rj = 1 and ai · bj = 2πδij[17]. One then finds the reciprocal
vectors to be,

bi =
2π

a
ei, i = 1, 2 (2.13)

and,

b1 =
2π

a
(e1 −

1√
3
e2)

b2 =
2π

a

2√
3
e2

(2.14)

for the square and hexagonal lattice respectively.

The primitive lattice vectors will now also allow us to construct unit cells, which
are elementary components of the entire system, that possesses translationally-
symmetric properties, due to the periodicity. A general rule to construct the unit
cell is to draw perpendicular lines at the midpoints of two lattice sites, generally
defined by the primitive vectors, until one forms a closed geometry.

2.2.2 Vortex lattice field distribution

In studying the field distribution B of a vortex lattice, the field distribution can be
found by solving the vortex wavefunction Ψ = Ψ∞f(r)eiθ using the limiting case
r → 0 on the Ginzburg Landau equation [15], whereby f(r) will take the form of,

f ≈ tanh

(
r

ξ

)
. (2.15)

10



2.2. Vortex lattice

Under a high κ-approximation (λ � ξ), the coherence length becomes relatively
short enough such that the field can be approximated as small impulse in space.
Recalling the London equation, one can then modify it to accommodate the vortex
lattice as a series of Dirac delta functions,

B− λ2∇2B = Φ0

∑
i

δ(2)(r− ri)ez, (2.16)

where this describes the distibution of fields with vortices of a single flux quantum
placed at a each lattice site. We can perform a Fourier analysis to take into account
neighboring interactions between vortices. The field is then written as a Fourier
series,

B(r) =
∑
j

B(Qj)e
iQj ·rez

δ(2)(r− rk) =
N

Ω

∑
j

eiQj ·rez.
(2.17)

In here, Ω is the system size, which is the total area of unit cells, where a single
unit cell has an area of Φ0

Ba
. Therefore Ω = Φ0N

Ba
, where N is the number of lattice

sites. Inserting Eq. (2.17) to Eq. (2.16), one obtains the following relation in the
z-component, ∑

j

[B(Qj) + λ2Q2
jB(Qj)]e

iQj ·r = Ba

∑
j

eiQj ·r. (2.18)

Comparing coefficients of each complex terms helps us to determine the coefficient
B(Qi) of the field densitiy Fourier series. This leads to the field real-space distribu-
tion of vortex lattice,

B(r) = Ba

∑
j

eiQj ·r

1 + λ2Q2
j

ez. (2.19)

1 1.002 1.004 1.006 1.008 1.01
B

0

0.02

0.04

0.06

0.08

0.1

n
(B

)

saddle point

Figure 2.3: Field histogram of a hexagonal lattice, λ = 5, Ba = 1
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2.2. Vortex lattice

By numerically evaluating Eq. (2.19), one can observe in particular the lattice
structure. The details and figures are presented in Appendix C.1.

It is also interesting to point out that in the saddle point of the field distribution, one
obtains a peak in the field histogram, corresponding to a van Hove singularity (see
Fig. 2.3). This is analogous to those obtained in the density of states of electronic
systems.

2.2.3 Free energy of field lattice structures

Given the magnetic field, one can calculate the change in free energy per unit length
f − fs0, where fs0 is the free energy of a superconductor without accounting the
contributions of the vortices. This is useful to find the smallest free energy needed
to form a vortex state, which may help explain the lattice structure found in nature.

We shall first begin by calculating the free energy for a single vortex. This is obtained
through the energy of the magnetic fields and substracting away contributions from
the kinetic energy of currents from the vortex, excluding the core [15],

F − Fs0

L single vortex
=

1

8π

∫
0<|r|≤r′

d2rH ·B︸ ︷︷ ︸
ffield

− 1

2c

∫
0<|r|≤r′

d2rJs ·As︸ ︷︷ ︸
fcurrent

=
1

8π

∫
0<|r|≤r′

d2r(B2 + 4πΛJ2
s ).

(2.20)

In the above, magnetic permeability µ = 1 was assumed. In Gaussian units, this
implies H = B.

The vector potential is related by the London gauge Js = (Λc)−1As [Eq. (2.2)].
Using the Maxwell’s equation on the supercurrent, the free energy can be written
in terms of the magnetic field B and penetration depth λ,

F − Fs0

L single vortex
=

1

8π

∫
0<|r|≤r′

d2r[B2 + λ2(∇×B)2], (2.21)

To solve this one would need the field distribution of a single vortex. One can use
the modified London equations similar to Eq. (2.16) for a single vortex placed at
the origin,

B− λ2∇2B = Φ0δ
(2)(r)ez. (2.22)

This differential equation has an exact solution,

Bz(r) =
Φ0

2πλ2
K0

(
|r|
λ

)
, (2.23)

where K0 is the zeroth-order Hankel function, which has two limiting forms,

K0

(
|r|
λ

)
=


(
π
2
λ
|r|

) 1
2
e−

|r|
λ |r| → ∞,(

ln λ
|r| + 0.12

)
ξ � |r| � λ.

(2.24)
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2.2. Vortex lattice
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Figure 2.4: Free energies per unit length of different system sizes, λ = 5, Ba = 1.

With the use of some vector calculus identities, we can transform the integral of Eq.
(2.21). Please refer to Appendix A.2 for details of the derivation. Additionally, one
can insert Eq. (2.22) to first term in the following to obtain a simpler integral.

F − Fs0

L s.v.
=

1

8π

∫
0<|r|≤r′

d2r(B + λ2∇×∇×B) ·B +
λ2

8π

∮
ds(B×∇×B) · er

=
1

8π

∫
0<|r|≤r′

d2r|B|Φ0δ
(2)(r) +

λ2

8π

∮
|r|=r′

ds(B×∇×B) · er.

(2.25)

where, er is just the radial unit vector in cylindrical coordinates. In the equation
above, the first term just goes to zero since the core is excluded. This leaves us with
the second term, which is just a closed line integral encircling the core at a radius
r′. Evaluating the integral gives us,

F − Fs0

L single vortex
=
λ2

8π

[
Bz
dBz

dr
2πr

]
r′
. (2.26)

According to Eq. (2.24), the free energy vanishes as r′ →∞. However, it does give
a finite contribution encircling the core r′ ≈ ξ. From this, one gets a value of,

F − Fs0

L single vortex
=

Φ0

8π
Bz(ξ) ≈

Φ0

8π
Bz(0), (2.27)

Extending this to multiple vortices, the fields are just superpositions of multiple
single vortices, B(r) =

∑
iBz(|r− ri|)ez. Using this to calculate the free energy one

obtains,

F − Fs0

L
=

Φ0

8π

(∑
i

Bz,i(ri) +
∑
i 6=j

Bz,i(rj)

)
, (2.28)
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2.2. Vortex lattice

where interaction energy i 6= j are obtained from the first term in Eq. (2.25) as delta
functions may exist outside the core. Nevertheless, for large enough lattice constants,
this term also vanishes due to the zeroth-order Hankel function at |r| → ∞. Due to
periodicity, the on-site terms can be written as the same values Bz,i(ri) = Bz(0). In
addition to that, since there are Ba/Φ0 vortices per unit area, we finally obtain the
change in free energy for a vortex lattice,

F − Fs0

L
=
BaBz(0)

8π
=
B2

a

8π

∑
i

1

1 + λ2Q2
i

. (2.29)

The right-hand-side is given by inserting Eq. (2.19). It is now useful to try to
compare changes in free energy of different lattice structures by imposing different
forms of lattice structure {Q} to find the most ideal one in nature.

By observing the change in free energy of different structures along varying system
sizes (see Fig. 2.4), one can also validate Essmann’s observation of its hexagonal
lattice structure [12].
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Chapter 3

From normal metal to
superconductivity

3.1 Microscopic descriptions of normal metal

In general, when one wants to describe the electron dynamics for a condensed mat-
ter system, one should consider the Hamiltonian Ĥ in terms of the quantum field
operators Ψσ(r),

Ĥ =
∑
σ

Ĥ0,σ +
∑
σ,σ′

V̂ee,σσ′

Ĥ0,σ =

∫
d2rΨ†σ(r)h(r)Ψσ(r)

V̂ee,σσ′ =
1

2

∫∫
d2rd2r′Vee(r, r

′)Ψ†σ(r)Ψ†σ′(r
′)Ψσ′(r′)Ψσ(r).

(3.1)

In this Hamiltonian, h(r) is the atomic interaction from the Schrödinger equation.
Meanwhile, Vee(r, r

′) is the electronic interaction between particles [18].

In this section, we will explore further in depth on how one may treat such Hamil-
tonian in the second quantization formalism. This includes approximations such as
the tight binding model for the atomic interactions. We shall also explore the effects
of magnetic fields in a normal metal using the so-called Peierls substitution. For the
purpose of this thesis, electronic interactions will be treated in the following section
about superconductivity, to which the reason will be clear later.

3.1.1 The tight-binding model

In the tight-binding model, electronic wavefunctions are bounded to the lattice cen-
ters of its atoms. This allows us to expand the quantum field operators in a local
basis that reflects the states of each isolated atoms, called the Wannier basis,

Ψσ(r) =
N∑
i

φ(r− ri)ciσ, (3.2)
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3.1. Microscopic descriptions of normal metal

where each basis are localized at lattice site position ri over N = LxLy sites. Fol-
lowing our assumptions that the Wannier functions φ(r − ri) are bounded to each
lattice, they are then orthonormal,∫

d2rφ∗(r− ri)φ(r− rj) = δij (3.3)

Additionally the Fourier transformation to the momentum space is then constrained
to the Brillouin zones, such that the annihilation operator at site i is given by,

ciσ =
1√
N

∑
k∈B.Z.

e−ik·rickσ. (3.4)

From the above, one can the show that the anticommutation relations follows,

{c†iσ, cjσ′} = δijδσσ′

{ciσ, cjσ′} = 0

{c†iσ, c
†
jσ′} = 0.

(3.5)

The reader is referred to Appendix A.4 for details of the derivation.

Furthermore, we have two considerations when treating electrons in a metal using the
tight binding model. Firstly, the Born-von-Karman boundary condition is used to
approximate invariance in lattice translation in large systems. In here, one imposes
eik·LnanΨ(r) = Ψ(r+Lnan), in particular eik·Lnan = 1, n = x, y where Ln is the length
of the system at the direction of primitve unit vector an. Periodicity is induced by
setting k · Lnan = 2πm, where m ∈ Z. Then one uses the Born-Oppenheimer
approximation to fix the position of the nuclei, treating them as “frozen phonons”
[17].

With the considerations above, we shall evaluate the dynamics of an electron in a
2-dimensional system. To simplify the problem, we will consider a square lattice
structure. The atomic interaction from the Schrödinger equation of such a system
is then the following,

h(r) =
p2

2m
+

N∑
i

V (r− ri)

= − ~2

2m
∇2 +

N∑
i

V (r− ri).

(3.6)

The lattice potential V (r − ri) is a interaction between stationary nucleus and the
electron which rapidly vanishes away from the lattice centers. Inserting the Wannier
basis into the atomic interaction term in Eq. (3.1) leads us to a general second
quantization form of the term,

Ĥ0,σ =− ~2

2m

N∑
i,j

∫
d2rφ∗(r− ri)∇2φ(r− rj)c

†
iσcjσ

+
N∑
i

∫
d2rφ∗(r− ri)V (r− ri)φ(r− ri)c

†
iσciσ.

(3.7)
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3.1. Microscopic descriptions of normal metal

With the help of the finite-difference approximation, one can compute the first term
in Eq. (3.7) as a 3-point approximated Laplacian,

∇2φ(r) =
1

a2
[φ(r− ax) + φσ(r− ay)− 4φ(r)

+ φ(r + ax) + φ(r + ay)].
(3.8)

See Appendix A.3 for details of the finite-difference approximation.

By noticing that the approximation gives 4 wavefunction shifted by a single primitive
unit vector and a single on-site wavefunction, we obtain the tight-binding Hamilto-
nian for nearest neighbor interactions in second quantization formalism,

Ĥ0,σ = −
N∑
〈i,j〉

tijc
†
iσcjσ − µ

N∑
i

c†iσciσ, (3.9)

where the tij is the hopping integral, which tell us the energy at which an electron
“hops” from one lattice site to another. The on-site term is the chemical potential
µ, associated with the interactions between electrons and its atoms. More explicitly
this is given by

tij =

∫
d2rφ∗(r− ri)

[
t∇2 −

N∑
k

V (r− rk)

]
φ(r− rj).

µ = tii.

(3.10)

In the hopping integrals, we have set the hopping parameter t = ~
2ma2 . Using the

orthonormality of the Wannier wavefunctions and the approximation that V (r−rk)
vanishes rapidly away atomic centers rk, we find that tij = t and µ = −4t − V0,
where V0 is the ground-state energy of the atoms in the system.

With the Hamiltonian of the nearest neighbor tight-binding model found, it is
convenient to use its matrix representation, in terms of the vector form of the
creation/annihilation operators c† = (c†1, c

†
2, ..c

†
N) and c = (c1, c2, ..cN)T, where

Ĥ0,σ = c†σH0,σcσ. As an example, the matrix representation of 3 × 3 system takes
the form,

H0,σ =



−µ −t12 −t13 −t14 0 0 −t17 0 0
−t21 −µ −t23 0 −t25 0 0 −t28 0
−t31 −t32 −µ 0 0 −t36 0 0 −t39

−t41 0 0 −µ −t45 −t46 −t47 0 0
0 −t52 0 −t54 −µ −t56 0 −t58 0
0 0 −t63 −t64 −t65 −µ 0 0 −t69

−t71 0 0 −t74 0 0 −µ −t78 −t79

0 −t82 0 0 −t85 0 −t87 −µ −t89

0 0 −t93 0 0 −t96 −t97 −t98 −µ


, (3.11)

where the hopping integrals tij inside the 3 × 3 block matrix along the diagonal
represent hoppings along the x-direction, while the hopping integrals inside the
3× 3 block matrix along the off-diagonal represent hoppings along the y-direction.
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3.1. Microscopic descriptions of normal metal

To find the eigenenergy Ei of the Hamiltonian above, one can use the property of
the Hermitian matrix to generate an eigenstate from some unitary matrix U , such
that D = U∗H0,σU and diag(D) = {Ei}.
Analogously, the diagonalization of the Hamiltonian can also be obtained by Fourier
transforming the Hamiltonian to its momentum-space representation. By inserting
the corresponding momentum Fourier representations of the annihilation and cre-
ation operator in Eq. (3.4) for system size N = LxLy,

Ĥ0,σ = −
N∑
〈i,j〉

tijc
†
iσcjσ − µ

N∑
i

c†iσciσ

= − t

N

N∑
〈i,j〉

∑
k,k′∈B.Z.

ei(k·ri−k
′·rj)c†kck′ − µ

N

N∑
i

∑
k,k′∈B.Z.

ei(k−k
′)·ric†kck′ .

(3.12)

With nearest neighbors, we can transform the position index j in terms of the index
i and a primitive unit vector rj → ri±ax/y. Furthermore, one can compute the sum
across the position index i to get the Kronecker delta δkk′ = (1/N)

∑
i exp(i(k− k′) · ri),

Ĥ0,σ = − t

N

N∑
i

∑
k,k′∈B.Z.

ei(k−k
′)·ri
[
eik

′
xa + e−ik

′
xa + eik

′
ya + e−ik

′
ya
]
c†kck′ − µ

∑
k∈B.Z.

c†kck

=
∑

k∈B.Z.

(−µ− 2t[cos(kxa) + cos(kya)]) c†kck.

(3.13)

The origin of the Kronecker delta is derived in Appendix A.5. Meanwhile, the
resulting prefactor above is just the eigenenergy εk,

εk = −µ− 2t [cos(kxa) + cos(kya)] . (3.14)

Using Eq. (3.14), one can perform checks for the diagonalization results to its real-
space counterpart.

One can also generalize tight-binding models for different structure and length scale
of electronic interactions as well as extending the Laplace operator to higher order
of the Lagrange polynomial [19]. However, this is beyond the scope and interest of
this thesis.

3.1.2 Peierls substitution: gauge transformation under magetic
fields

In the presence of electromagnetic field, our initial Hamiltonian in Eq. (3.1) will ex-
perience a perturbation due to the fields, such that it becomes the minimal coupling
Hamiltonian, where one performs a replacement of the kinetic momentum with the
canonical momentum ~k→ p− e

c
A [20],

h(r) =
(p− e

c
A(r))2

2m
+

N∑
i

V (r− ri), (3.15)

18



3.1. Microscopic descriptions of normal metal

where A is the vector potential generating the perturbative magnetic field. From
this, it is clear that there will be extra terms arising from p ·A components when
expanding the terms inside the parenthesis. As a consequence, our previously derived
tight-binding model Hamiltonian would acquire extra terms of A.

To fix this, Peierls propose a simple gauge transformation on the vector potential
[21],

A(r)→ A(r) +∇Λ. (3.16)

It is then required that the Wannier wavefunctions are transformed so that the
Hamiltonian with the new vector potential remains consistent with its matrix form
[20],

φ(r− ri)→ φ(r− ri)e
i e~cΛi(r). (3.17)

Λi(r) is the generator of the transformation for lattice site i,

Λi(r) =

∫ r

ri

dr′ ·A(r′) =

∫ 1

0

dλ(r− ri) ·A(ri + λ(r− ri)) (3.18)

The line integral is taken as a straight line from the lattice site ri to r. This is done
by parametrization of r′ = ri + λ(r− ri).

Now to show that the resulting dynamics is consistent in the transformation, we
shall apply the Hamilton operator h̃(r) to the transformed field operator Ψ̃σ(r)[22].
Without loss of generality, we will consider V (r− ri) = 0,

h̃(r)Ψ̃σ(r) =
1

2m

[
−i~∇− e

c
A(r)

]2
N∑
i

φ̃(r− ri)ciσ

=
1

2m

[
−i~∇− e

c
A(r)

]2
N∑
i

φ(r− ri)e
i e~cΛi(r)ciσ

=
N∑
i

ei
e
~cΛi(r) 1

2m

[
−i~∇− e

c
A(r) +

e

c
∇Λi(r)

]2

φ(r− ri)ciσ

(3.19)

Some simplifying assumptions taken for this study is a spatially homogeneous ex-
ternal magnetic field Ba as well as the locality of the Wannier wavefunctions where
r ≈ ri. With this, it turns out that ∇Λi(r) = A(r). The details of the calculation
can be followed in Appendix A.6.

One will finally obtain a similiar form of tight-binding Hamiltonian, with an addi-
tional complex phase on each site,

h̃(r)Ψ̃σ(r) =
N∑
i

ei
e
~cΛi(r)h(r)φ(r− ri)ciσ. (3.20)

The transformation above consequently leads to the complex phase in the hopping
integral,

Ĥ0,σ = − ~2

2m

N∑
i,j

∫
d2rei

e
~c (Λi(r)−Λj(r))φ∗(r− ri)∇2φ(r− rj)c

†
iσcjσ. (3.21)

19



3.1. Microscopic descriptions of normal metal

However, one may notice that with an additional complex phase from the adjoint of
the quantum field operator, the phase difference θij = Λi−Λj is entirely independent
of r, and only the line integral from ri to rj remains,

θij = Λi(r)− Λj(r) =

∫ r

ri

dr′ ·A(r′)−
∫ r

rj

dr′ ·A(r′)

=

∫ rj

ri

dr′ ·A(r′)

(3.22)

Therefore the hopping integral under magnetic field is transformed to

tij → tije
i e~c θij . (3.23)

Following Stoke’s theorem, taking a closed path around the unit cell in the system
corresponds to smallest possible magnetic field,∮

unit cell

dr′ ·A(r′) =

∫
d2r′n̂ · (∇×A)

=

∫
d2r′n̂ ·B

= Φ.

(3.24)

Φ is the phase acquired when going around a unit cell, defined as the flux per
plaquette. As one may notice, relative to the complex phase, its physical dimension
is comparable to the flux quantum Φ0 = hc

2e
. Therefore, it is also useful to write the

magnetic field contribution α in terms of Φ0 where

α =
Φ

2Φ0

. (3.25)

From Hofstadter’s explicit calculation using the momentum-space, it is also shown
that the applied field α has to be rational, with α = p

q
where p, q ∈ Z [23].

Throughout this study, we will use the Landau gauge, A(r) = −Byex as the gen-
erating vector potential. By this choice of gauge, the hopping integral along the
x-direction tx±a carries a complex phase, while hopping integral along y-direction
ty±a carries no complex phase as shown below,

tij,x± = tije
±i π

Φ0
By

tij,y± = tij
(3.26)

3.1.3 Magnetic vector potential in boundary hoppings

In the beginning of this chapter, we have used Born-von-Karman boundary condi-
tions to impose a translational invariance across system lengths with eik·LiaiΨ(r) =
Ψ(r + Liai). This, however, does not hold for metals subject to magnetic fields.
Despite a uniform magnetic field, the vector potential is linear in y.

To take into account this effect, we need to conceptualize hopping across boundaries
of the system. As an electron jump across boundaries, the hopping integral is usually
mapped back periodically in a Hamiltonian (i.e coordinate (x, Ly)↔ (x, 1)). When
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3.1. Microscopic descriptions of normal metal

Figure 3.1: Vector potential increases linearly with y in the Landau gauge, breaking
translational invariance.

there is magnetic field in the system, lattice sites across boundary are subject to
vector potential A(r±Lyey) rather than A(r) (see Fig. 3.1). This is not considered
by a phaseless hopping integral tij along the system boundaries.

To resolve this issue while maintaining periodic hopping in our Hamiltonian, one
can use a gauge transformation along the boundaries [22],

A(r)→ A(r + Liei) = A(r) +∇Λi, i = x, y. (3.27)

One can calculate explicitly the scalar field for hoppings in the x- and y-direction
using our Landau gauge.

Since the vector potential is independent of x, we can immediately conclude that
the scalar field is constant in the x-direction,

A(r± Lxex) = −Byex = A(r)

=⇒ Λx = c, where c ∈ R =⇒ W.L.O.G. Λx = 0.
(3.28)

On the other hand, the gauge transformation has a non-trivial scalar field in the
y-direction,

A(r± Lyey) = −B(y ± Ly)ex

=⇒ ∇Λi = ∓BLyex =⇒ Λy = ∓BLyx.
(3.29)

Similar to the previous section, the Wannier wavefunction corresponding to coordi-
nate y + Ly will also be transformed accordingly,

φ(r− ri)→ φ(r− ri)e
i e~cΛy . (3.30)

Computing the hopping integral analagous to Eq. (3.21), one will also obtain a
transformation in the hopping integral,

tij,y,boundary± = tije
∓i π

Φ0
BLyx

tij,x,boundary± = tij.
(3.31)

With this, we can maintain the periodic hoppings constructed in the tight-binding
Hamiltonian. A more rigorous approach can also be done for arbitrary vector po-
tentials using the magnetic translation operator. From this, one can then use the
supercell method to optimize calculation of larger system sizes [24].
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3.1. Microscopic descriptions of normal metal

3.1.4 Hofstadter’s butterfly: tight-binding energy spectrum
in a magnetic field

Summarizing the two previous discussions, applying an external magnetic field, we
obtained two different kinds of complex phases in the hopping integral. The first is
the Peierls’ substitution in Eq. (3.26) to maintain our structure of the Hamiltonian.
Additionally we include another transformation through Eq. (3.31) to account for
the change in vector potentials in hoppings across the system boundary.

If the Peierls’ subsititution is applied correctly, one can observe the forming of bands
in the energy spectrum of the system, following a fractal pattern called the Hofs-
tadter butterfly. Hofstadter analytically found this pattern by solving Schrödinger’s
equation from non-interacting electrons in magnetic fields using Harper’s equation
[23]. To check our implementation of the Peierls substitution, we reproduce the
pattern in Fig. 3.2 by numerically calculating the eigenvalues of the real space tight
binding Hamiltonian.

As shown in the Hofstadter butterfly, for some rational value α = p
q

the spectrum
forms exactly q bands. Due to spin-invariance of the eigenenergy of the tight binding
model, one will also observe that the spectrum for +α is the same as −α, and that
the butterfly follows a periodic pattern along integer multiples.

On the other hand, energy spectrum of the Hofstadter butterfly may still be ob-
served without employing the boundary hoppings in Eq. (3.31). This follows as
transforming the boundary hoppings corresponds to a uniform complex phase shift
in the eigenvectors corresponding to the same eigenenergy [24].

Figure 3.2: Hofstadter butterfly, obtained from a 100× 25 system, subject to mag-
netic field parametrized by α = Φ

2Φ0
.
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3.2. Conventional superconductivity in real space formulation

3.2 Conventional superconductivity in real space

formulation

In this study, we will consider s-wave superconductivity found in most conventional
superconductors. In conventional superconductors, a phonon-driven mechanism
causes the attractive correlations between electrons. Furthermore, the s-wave sym-
metry involves singlet-state pairings, where opposite spin electrons form a Cooper
pair. We take a semi-classical approach by Altland’s “Condensed Matter Field The-
ory” to explain this interactions [18].

Consider electrons moving through a ionic lattice. The motion of an electron will
then cause a distortion of the ions from the equilibrium position. For an electron, the
time it takes for it to traverse through the ion is at the time scale that corresponds
to the Fermi energy ∼ E−1

F . On the other hand, the time an ion needs to relax back
to its equilibrium position is at the scale of the Debye frequency ∼ ω−1

D � E−1
F .

As shown in Fig. 3.3, such lattice distortions create an effective attractive interaction
between electrons. The two fermions create an electron-electron bound state known
as Cooper pair. Sum of the electron spins forms integer total spins, which mimic
the behaviour of bosonic particles.

In s-wave superconductivity, Cooper pairs are formed through singlet states, such
that electron pairs are restricted to |↑↓〉, |↓↑〉 states. Furthermore, within the Fermi
level it becomes energetically favourable to form pairs with a total momentum Q =
k + (−k) = 0, reducing the total energy in the ground state. This then leads to

Figure 3.3: Ionic lattice (black dots) distortion due to Coulomb interaction (solid
arrow) by an electron (white dots) at different time scales. The lag between the time
needed to traverse through the electron, with the relaxation of the ion to equilibrium,
cause an effective attractive interaction (dotted arrow) between electrons. Adapted
from Ref. [18].
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3.2. Conventional superconductivity in real space formulation

formation of a bound pair of time-reversed states |k ↑,−k ↓〉.
In the next section we will start from a pairing interaction that leads to s-wave su-
perconductivity. By means of the mean-field decoupling of the interaction, rewriting
the Hamiltonian using a basis with Nambu spinors, we finally obtain the eigenstates
within the Bogoliubov de Gennes formalism. This procedure is a variant of the BCS
theory.

3.2.1 Mean-field decoupling for arbitrary products

As a consequence of the phonon-driven mechanism in superconductivity, correlated
effects of electron dominates the interactions. To simplify this, we can use mean-field
approximation to treat the interactions of each particle as an interaction between
an individual particle with an average field of the rest of the particles in a system.
To discuss the general steps of the mean-field approach, we present the decoupling
for a generic Hamiltonian as discussed by Bruus and Flensberg [13].

Suppose we have a Hamiltonian of coupled interactions formed by products of two
operators,

HAB = AB. (3.32)

We can rewrite each operator as its mean and fluctuations δA and δB,

A = 〈A〉+ δA

B = 〈B〉+ δB.
(3.33)

Inserting Eq. (3.33) to the Hamiltonian, we have

HAB = 〈A〉〈B〉+ 〈A〉δB + 〈B〉δA+ δAδB. (3.34)

Assuming that due to some physical arguments, the operator A and B deviate little
from their average values, 〈A〉 and 〈B〉, we can argue that the fluctuations δA and
δB are small relative to its mean. With this, the final term in the Hamiltonian
above can be removed, since it is quadratic in fluctuations. Furthermore, we shall
expand the linear fluctuations back to its mean field form, by solving Eq. (3.33) for
δA and δB, leading to the mean-field Hamiltonian,

HAB,MF = 〈A〉B + 〈B〉A− 〈A〉〈B〉. (3.35)

3.2.2 Electronic interactions and the SC order parameter

So far, we have only included the non-interacting tight-binding model. To theo-
retically incorporate the s-wave superconductivity, the aforementioned interactions
between electrons have to be taken into account. Recall the interaction Hamiltonian,

V̂ee,σσ′ =
1

2

∫∫
d2rd2r′Vee(r, r

′)Ψ†σ(r)Ψ†σ′(r
′)Ψσ′(r′)Ψσ(r). (3.36)
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3.2. Conventional superconductivity in real space formulation

Similar to the previous section, we will use the Wannier basis in Eq. (3.4) to obtain,

V̂ee,σσ′ =
1

2

N∑
i,j,k,l

Vijklc
†
iσc
†
jσ′ckσ′clσ,

Vijkl =

∫∫
d2rd2r′Vee(r, r

′)φ∗(r− ri)φ
∗(r′ − rj)φ(r′ − rk)φ(r− rl).

(3.37)

From the phonon-driven pairing mechanism we assume a uniform attractive inter-
action V < 0 across all sites. Which gives us the attractive Hubbard model [18],

V̂ee,↑↓ = V̂ee,↓↑ =
V

2

N∑
i

c†i↑c
†
i↓ci↓ci↑. (3.38)

With the four operators, calculating the overall correlated effects of the 2-particle
interactions can be done through exact diagonalization. However, the Hilbert space
for such multi-particle systems grows exponentially and diagonalization becomes
computationally impossible to do.

In s-wave superconductors, we have a finite expectation in the operator 〈ci↓ci↑〉 6= 0,
which represents the forming of Cooper pairs from opposite spins. Performing mean-
field approximation in the interaction Hamiltonian, Eq. (3.38) then gets replaced
by

V̂ MF
ee,↑↓ = V̂ MF

ee,↓↑ =
V

2

N∑
i

(
〈c†i↑c

†
i↓〉ci↓ci↑ + 〈ci↓ci↑〉c†i↑c

†
i↓ − 〈c

†
i↑c
†
i↓〉〈ci↓ci↑〉

)
. (3.39)

The expectation value 〈c†i↑c
†
i↓〉 can then be calculated self-consistently, which will

be discussed in later chapters. Considering calculations over all possible spins, the
interacting Hamiltonian is,

V̂ MF
ee =

N∑
i

(
∆∗i ci↓ci↑ + ∆ic

†
i↑c
†
i↓ −
|∆i|2

V

)
. (3.40)

We have parametrized the average field of the Cooper pairs as the superconducting
order (gap) parameter,

∆i = V 〈ci↓ci↑〉. (3.41)

As one can see, we have transformed our 2-particle operator into a single-particle
operator and can be written in a matrix form. This will be useful in the following
discussions when we try solve for the average-fields.

3.2.3 Nambu spinor

Combining the interaction and tight-binding Hamiltonian, we obtain the mean-field
BCS Hamiltonian,

ĤMF
BCS = −

N∑
〈i,j〉,σ

tijc
†
iσcjσ − µ

N∑
i,σ

c†iσciσ +
N∑
i

(
∆∗i ci↓ci↑ + ∆ic

†
i↑c
†
i↓

)
. (3.42)
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3.2. Conventional superconductivity in real space formulation

In the Hamiltonian above, the non-interacting term ∼ |∆|2 has been dropped1. Note
that the hopping integral tij is defined by Eq. (3.26) and (3.31) if a magnetic field
is present.

Recall that the tight binding Hamiltonian can be written in matrix form in terms of
products of the matrix H0,σ in Eq. (3.11), and the creation/annihilation operators

c†σ = (c†1σ, c
†
2σ, ..c

†
Nσ) and cσ = (c1σ, c2σ, ..cNσ)T. Analogously one can also rewrite

the mean-field BCS Hamiltonian,

ĤMF
BCS =

∑
σ

c†σH0,σcσ + c†↑∆c†
T

↓ + cT
↓∆∗c↑. (3.43)

The gap matrix ∆ is just the real-space gap parameters set along a diagonal matrix,
diag(∆1,∆2, . . . ,∆N).

We shall now introduce the Nambu spinor [18],

Ψ† =
(
c†↑ cT

↓
)
,

Ψ =

(
c↑
c†

T
↓

)
.

(3.44)

With the spinors, we can now form a 2N × 2N matrix of the mean-field BCS
Hamiltonian,

ĤMF
BCS = Ψ†HMF

BCSΨ

HMF
BCS =

(
H0,↑ ∆
∆† −H∗0,↓

)
.

(3.45)

The bottom right block of the matrix is obtained by flipping the order of the anni-
hilation and creation operator ci↓c

†
j↓ → −c

†
j↓ci↓ and using the relation that t∗ij = tji.

The latter can be shown by transforming Eq. (3.10),

t∗ij = t

∫
d2rφ(r− ri)∇2φ∗(r− rj)

= t

∫
d2r(∇ ·

[
φi(r)∇φ∗j(r)− φ∗j(r)∇φi(r)

]
+ φ∗j(r)∇2φi(r))

=

(((
((((

(((
((((

(((
((((

((

t

∮
|r|→∞

dl(n̂ · [φi(r)∇φ∗j(r)− φ∗j(r)∇φi(r)]) + t

∫
d2rφ∗j(r)∇2φi(r)

= tji.

(3.46)

3.2.4 Bogoliubov-de Gennes equation

It turns out that the eigenstates and eigenenergies of the BCS Hamiltonian can be
obtained from a diagonalization of the BCS Hamiltonian; this is derived from the
Bogoliubov-de Gennes equations.

1The constant term is generally accounted for in diagonalization through the mean-field inter-
action term ∆∗i ci↓ci↑ + h.c.. However, it is important to remember that it is still crucial to take
the constant term into account when comparing absolute internal energies 〈H〉 between systems.
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3.2. Conventional superconductivity in real space formulation

To obtain the Bogoliubov-de Gennes equation, one starts by a general Bogoliubov
transformation [25],

ciσ =
∑
j

(uijσγjσ + v∗ijσγ
†
jσ̄). (3.47)

It is then clear that following the fermionic anti-commutation relations in γiσ must
be similar for the anti-commutation relation in the original basis ciσ to hold,

{γ†iσ, γjσ′} = δijδσσ′ ,

{γiσ, γjσ′} = 0,

{γ†iσ, γ
†
jσ′} = 0.

(3.48)

Under this transformation, we impose a diagonal Hamiltonian in the annihilation
and creation operator γiσ and γ†iσ,

ĤMF
BCS =

∑
iσ

Eiσγ
†
iσγiσ. (3.49)

Now we shall evaluate commutation relation of each creation operators with the
BCS Hamiltonian, by using [AB,C] = A{B,C} − {A,C}B.

In the γi-operator, we have,

[
ĤMF

BCS, γiσ
]

=
N∑
jσ

Ejσ(γ†jσ{γjσ, γiσ} − {γ
†
jσ, γiσ}γjσ) = −Eiσγiσ,[

ĤMF
BCS, γ

†
iσ

]
= Eiσγ

†
iσ.

(3.50)

On the other hand, in the old ci-operator, we have,

[
ĤMF

BCS, ci↑
]

= −
N∑
j

(H0↑)jici↑ − (∆)iic
†
i↓,

[
ĤMF

BCS, ci↓
]

= −
N∑
j

(H0↓)jici↓ + (∆)iic
†
i↑,

(3.51)

where we have considered the pairing term to be diagonal.

By inserting the Bogoliubov transformations in Eq. (3.51), we can compare the
terms of both side of the equations within each operator γiσ and γ†iσ to obtain a
system of equations,

Ej↑uij↑ =
N∑
k

(H0↑)kiuij↑ + (∆)iivij↓

Ej↑vij↓ = (∆)iiuij↑ −
N∑
k

(H0↓)
∗
kivij↓

Ej↓vij↑ = −
N∑
k

(H0↑)
∗
kivij↑ − (∆)∗iiuij↓

Ej↓uij↓ = −(∆)iivij↑ +
N∑
k

(H0↓)kiuij↓.

(3.52)
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3.2. Conventional superconductivity in real space formulation

We have now found our eigenvectors in terms of the coefficients of the Bogoliubov
transformation, leading to the matrix form of the Bogoliubov equations,

HMF
BCS

(
u↑
v↓

)j
=

(
H0↑ ∆
∆∗ −H0↓

∗

)(
u↑
v↓

)j
= Ej↑

(
u↑
v↓

)j
−HMF

BCS

∗
(

v↑
u↓

)j′
=

(
−H0↑

∗ −∆∗

−∆ H0↓

)(
v↑
u↓

)j′
= Ej′↓

(
v↑
u↓

)j′
.

(3.53)

From above, one can see that the Ej↑ and Ej↓ are separated by a transformation on
the leading Hamiltonian. We can derive from this, the relations between the two
eigenenergies.

We start by evaluating the conjugated spin-down Hamiltonian,(
−HMF

BCS

∗
(

v↑
u↓

)j′)∗
= Ej′↓

(
v∗↑
u∗↓

)j′
. (3.54)

Since our conjugated the spin-down Hamiltonian leads to an eigenenergy, one can
deduce that the conjugated spin-down eigenvector (v∗↑,u

∗
↓)

T
j′ is also an eigenvector

of the spin-up Hamiltonian HMF
BCS. Therefore, we can also write it as the spin-up

eigenvector (u↑,v↓)
T
j′ ,(

−HMF
BCS

∗
(

v↑
u↓

)j′)∗
= −HMF

BCS

(
u↑
v↓

)j′
= −Ej′↑

(
u↑
v↓

)j′
. (3.55)

From the above, one can see that it is sufficient to diagonalize only one matrix from
the Bogoliubov equations in Eq. (3.53). By keeping in mind of the transformation
in the eigenvectors between ↑ and ↓ spins, the spin can then be suppressed to a
single spin. This will be useful for calculations physical parameters in the coming
sections.

We can now derive the gap equation in the γi-operator by inserting the Bogoli-
ubov transformation in the definition of the superconducting order parameter in
Eq. (3.41),

∆i =V
N∑
j,k

(
uij↓uik↑ 〈γj↓γk↑〉︸ ︷︷ ︸

0

+v∗ij↓uik↑ 〈γ
†
j↑γk↑〉︸ ︷︷ ︸

δjkf(Ej↑)

+ uij↓v
∗
ik↑ 〈γj↓γ

†
k↓〉︸ ︷︷ ︸

δjk(1−f(Ej↓))

+v∗ij↓v
∗
ik↑ 〈γ

†
j↑γ
†
k↓〉︸ ︷︷ ︸

0

)

=V
N∑
j

[
v∗ij↓uij↑f(Ej↑) + uij↓v

∗
ij↑(1− f(Ej↓))

]
.

(3.56)

In the equation above, we evaluate the expectation values in the basis of the gamma
operators where the Hamiltonian is diagonal, Eq. (3.49). Therefore, two expectation
values vanish, and the others are just given by the Fermi distribution f(E) according
to Eq. (1.9).

We know from Eq. (3.54) and (3.55), there is an equivalence in the eigenenergies
Ej′↓ = −Ej′↑ by invoking the eigenvector transformation (v∗↑,u

∗
↓)

T
j′ ↔ (u↑,v↓)

T
j′ .
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3.2. Conventional superconductivity in real space formulation

Hence we can change the second term in the gap equation to −Ej′↑ by transforming
uij↓v

∗
ij↑ → v∗ij′↓uij′↑. This allows us to suppress the spin index, where uij and vij are

coefficients of the i-th row and i+N -th row of the eigenvector respectively,

∆i =V

{
N∑
j

v∗ij↓uij↑f(Ej↑) +
N∑
j

′v∗ij↓uij↑ [1− f(−Ej↑)]

}

=V

{
N∑
j

v∗ij↓uij↑f(Ej↑) +
N∑
j

′v∗ij↓uij↑f(Ej↑)

}

=V
N∑
j

v∗ijuijf(Ej).

(3.57)

In the calculation above,
∑

and
∑′ were each sums over half of the eigenvalue.

Therefore, the final result is just the total some of the entire eigenvalues.

Similarly, the electronic number density can also be found,

〈N〉 =
N∑
i,j

[
|uij|2f(Ej) + |vij|2(1− f(Ej))

]
. (3.58)

3.2.5 Gap parameter self-consistent fixed-point iteration

As mentioned earlier, the mean-field approximation requires us to solve the gap pa-
rameter self-consistently. Therefore, an algorithm based on the fixed-point iteration
method is constructed as shown in the following [26],

Algorithm 1: ∆i self-consistency iterative method

Result: Self-consistent gap parameters ∆new and chemical potential µ for a

target density ntarget.

1. Determine mixing constants α and β;

2. Guess value of gap parameters ∆old and chemical potential µ;

3. while ‖∆old −∆new‖1/‖∆new‖1 > εdiff and max({∆new,i}) > εmax do

Construct matrix HMF
BCS(∆old, µ);

Diagonalize HMF
BCS to obtain eigenvector (u,v)T and eigenenergy ({Ei});

Calculate n = 〈N〉/N [according to Eq. (3.58)];

Update µ = µ+ β ntarget−n
ntarget

;

Calculate (∆new)i = ∆i [according to Eq. (3.57)];

Update ∆old = ∆oldα + ∆new(1− α);

end

4. Break iteration;

In this algorithm, the fixed-point iteration is modified with a mixing constant α, β ∈
(0, 1) to ensure that the convergence of the gap parameter is stable.
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3.2. Conventional superconductivity in real space formulation

The convergence criterion εdiff is given to be the 1-norm of the gap parameter vector
∆ representing the N possible different gap parameter on each site. Since numer-
ical precision may become an issue when superconductivity vanishes, an addition
criterion εmax is given to stop the iteration once the gap reaches a value relatively
close to zero.

For homogenous gap parameter, it is sufficient to set εdiff ≈ 10−4 and εmax ≈ 10−8,
since the there will be negligible change throughout the entire vector ∆ for every
iteration. However, it is important to consider a lower tolerance in εdiff to achieve
convergence in the vortex-state as we will discuss in the upcoming chapter.

3.2.6 BCS theory in momentum-space

So far, we have treated the BCS theory in real-space, which becomes useful when
one would like to treat an inhomogeneous gap parameter, including superconductors
under magnetic fields.

In the momentum-space, one can analogously develop the BCS theory. Including
the interaction term in momentum-space, our BCS Hamiltonian for s-wave super-
conductors is written as [13],

ĤMF
BCS =

∑
kσ

εkc
†
kσckσ +

∑
k

∆c†k↑c
†
−k↓ +

∑
k

∆∗c−k↓ck↑. (3.59)

The BCS Hamiltonian in this case, sums over k in the Brillouin Zone. The momentum-
space gap parameter is then,

∆ = V
∑
k

〈c†k↑c
†
−k↓〉. (3.60)

Under the momentum-space Nambu spinor Ψk = (c†k↑ c−k↓), the Hamiltonian can
be written under the matrix form,

ĤMF
BCS =

∑
k

(
c†k↑ c−k↓

)( εk ∆
∆∗ −εk

)(
ck↑
c†−k↓

)
=
∑
k

ΨkHkΨ
†
k. (3.61)

Diagonalization is obtained by a simpler Bogoliubov transformation [15],(
ck↑
c†−k↓

)
=

(
uk v∗k
−vk u∗k

)(
γk↑
γ†−k↓

)
. (3.62)

By parametrizing uk and vk as a rotational transformation, one can solve the coef-
ficients of the transformation,

|uk|2 =
1

2

(
1 +

εk
Ek

)
,

|vk|2 =
1

2

(
1− εk

Ek

)
.

(3.63)

Each eigenenergy Ek is given by the two eigenvalues of the Hk matrices,

Ek = ±
√
ε2k + ∆2. (3.64)
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Figure 3.4: Temperature-dependence of gap parameter for 50 × 25 system size.
Analytical fit with fit parameter |∆(0)| and Tc shows a very close theoretical value
in Eq. (3.66). t = 1, V = −0.8t, n = 0.35.

Consequently, the self-consistent gap equation can be written,

∆ = V
∑
k

∆

2Ek

tanh

(
Ek

2kBT

)
. (3.65)

By converting summation of k to integral of εk and the weak-coupling limit, one
will obtain the relation of the gap parameter at absolute zero ∆(0) and the critical
temperature Tc,

∆(0)

kBT
= 1.765. (3.66)

We can then use real-space BCS theory to calculate the temperature dependence of
the gap parameter as shown in Fig. 3.4, one can use the relation above as a check
that it holds in homogeneous gap parameters.
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Chapter 4

Superconductivity subject to a
magnetic field

4.1 Critical fields of superconductivity

In the superconducting state, there also exist a critical magnetic field Hc in which a
phase transition to the normal state occurs. A good approximation to this is derived
by Gorter and Casimir, by comparing the experimental free energy temperature
dependence between a normal metal and a superconductor [27],

Fn − Fs = ∆U − 1

2
γT 2 +

1

4
γT 4/T 2

c , (4.1)

where ∆U is the difference between the internal energy of the states, known as the
condensation energy, and γ is the Sommerfeld coefficient of the electronic specific
heat in a normal metal. Comparing the change in free energy with the change in
free energy from Ginzburg-Landau theory in Eq. (B.5), the Gorter-Casimir formula
can be derived to be,

Hc(T ) = H0

[
1−

(
T

Tc

)2
]
. (4.2)

From the equation, the critical temperature at zero magnetic field is set as Tc =
2(∆U/γ)

1
2 . On the other hand, the critical field at absolute zero is,

H0 = (8π∆U)
1
2 . (4.3)

Furthermore, by evaluating the ground energy in the momentum-space. the con-
densation energy is found to be,

Un − Us =
N(0)

2
|∆|2, (4.4)

where N(0) is the density of states around the Fermi level. The reader is referred
to Tinkham, for the detailed derivation [15]. Inserting the condensation energy, one
obtains

H0 =

(
8πN(0)|∆|2

2

) 1
2

. (4.5)
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4.1. Critical fields of superconductivity
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Figure 4.1: Critical magnetic field temperature-dependence, normalized by the flux
quantum and the zero-field critical temperature in a 50 × 25 system. The zero-
field critical temperature has been fixed to the self-consistent numerical calculation,
while a parameter fit is performed on H0. The numerical data fits closely to the
Gorter-Casimir formula in Eq. (4.2). t = 1, V = 1.7, n = 0.35.

With this equation a good estimate on the necessary magnetic field to destroy su-
perconductivity can be obtained.

Incorporating Peierls substitution in the BCS Hamiltonian, one can self-consistently
calculate the effects of magnetic fields under superconductivity and find the average
superconducting order parameter across different temperatures. Evaluating the crit-
ical temperatures allows us to plot the phase diagram based on the Gorter-Casimir
formula in Fig. 4.1. From the numerical fit, one obtains H0

Φ0 fit
≈ 7.86.

To compate to the Gorter-Casimir’s formula, one needs to find the density of states
N(0). This is done numerically by using spectral representation of the Green’s
function [13],

N(E) = − 1

π

∑
n,σ

Im

(
E + iη + εn

(E + iη)2 − (ε2n + ∆2)

)
, (4.6)

where η controls the broadening of the Lorenz curves generated by each eigenen-
ergy En =

√
ε2n + ∆2 in the superconductor, where η → 0 can be taken in the

thermodynamic limit.

Using η = 0.06, one obtains N(E) = 74.4. Inserting this to Eq. (4.5), we get
H0

Φ0
≈ 4.6. Some deviations may occur from the numerical fit, as the self-consistent

superconducting order parameter for high numbers of flux quantum Φ0 may still be
in the process of converging. Furthermore, finite size effect of the supserconducting
may also play a role in the structure of the vortex state.
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4.2. The superconducting vortex

4.2 The superconducting vortex

To give rise to vortices, we shall impose the magnetic flux through the system to be
equal to integer numbers of the flux quantum Φ0,

∫
system

d2rn̂ ·B = BLxLy = nΦ0,

=⇒ B

Φ0

=
n

LxLy

,

(4.7)

where n ∈ N. A Hamiltonian matrix of size 2Lx×2Ly is contructed according to Eq.
(3.45). Following the algorithm in Section 3.2.5, the matrix is iteratively diagonal-
ized numerically, and modified until a self-consistent solution of the superconducting
order parameter is obtained. The attractive interaction V is set, such that t� |∆i|
so that the gap bandwidth does not cover the entire of the energy band. One should
also take care that the free energy contribution of the applied magnetic field does

not exceed the free energy change due to superconductivity, |∆|
2

V
> B2

8π
. This relation

is taken from Appendix B.

The formation of two vortices in a rectangular system can be observed through its
superconducting order parameter in Fig. 4.2.

Throughout this chapter, the vortex state in a square lattice structure will be in-
vestigated. Its existence will be determined through the complex phase of the su-
perconducting order parameter will be evaluated. Furthermore, several parameters
analogous the phenomenological counterpart such as the coherence length and the
free energy will be calculated from the BCS Hamiltonian. This will provide the basis
to confirm validity of the microscopic descrition, as well as the real space numerical
BCS calculations.

Figure 4.2: Vortices in a 50× 25 system. t = 1, V = 1.95t, kBT = 10−4t, n = 0.35,
B = 2Φ0

LxLy
.
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4.2. The superconducting vortex

4.2.1 Complex phase of the order parameter

As discussed earlier, one would need to perform a gauge transformation when in-
cluding the magnetic field in a tight-binding system. This corresponds to the trans-
formation in the Wannier wavefunction. One can remedy this in the tight-binding
model by transforming the hopping integral,

tij → tije
i π
Φ0
θij . (4.8)

It is then natural to assume, that by the definition of the interaction Hamiltonian in
Eq. (3.37), one would also need a transform the attractive interaction V . However,
due to the mean-field theory, this explicit treatment can be circumvented by self-
consistently solving the superconducting order parameter ∆i. Nevertheless, one can
still see evidence of this transformation by observing the phase of a self-consistent
superconducting order parameter.

Given a superconducting order parameter of the form ∆i = |∆i|eiϕ(ri), it is then
required by Ginzburg-Landau theory and Bohr-Sommerfeld quantum condition that
the complex phase ϕ(r) follows the relation [15],∮

ds · ∇ϕ(r) = 2πn, (4.9)

where a closed integral is performed on a loop around the vortex center.

Using Lagrange interpolating polynomial as shown in Eq. (A.11), one can discretize
the gradient and compute the path integral numerically,∮

ds · ∇ϕ(r) ≈
∑
〈i,j〉∈∂S

∆ϕji, (4.10)

where 〈i, j〉 ∈ ∂S is the neighboring sites along the closed path as indicated by the
black lines in Fig. 4.3. The phase difference can be approximated to [28],

∆ϕji =
1

a
mod(ϕ(rj)− ϕ(ri) + π, 2π)− π. (4.11)

Figure 4.3: Taking a closed path integral of the gradient of the superconducting
order parameter phase will lead to 2π. t = 1, V = −1.7t, n = 0.35, kBT = 10−4t
,B = 2Φ0

LxLy
.
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4.2. The superconducting vortex

Using this numerical approximation in Fig. (4.3), for the path integral along
(17, 17) → (9, 17) → (9, 9) → (17, 9) → (17, 17), one will obtain

∮
ds · ∇ϕ ≈

6.2519 ≈ 2π.

Furthermore, one can also evaluate the phase shift between system boundaries. One
can derive the transformation by performing a change of basis in the annihilation
and creation operator,

ciσ → ciσe
i π
Φ0

Λi , (4.12)

Where Λi correspond to some gauge transformation on site i. As a consequence of
the gauge transformation from Eq. (3.31), one can show a transformation in the
superconducting order parameter across system boundaries in the y-direction to be,

∆i = V 〈ci↓ci↑〉 → V 〈ci↓ei
π

Φ0
BLyxci↑e

i π
Φ0
BLyx〉 = ∆ie

i 2π
Φ0
BLyx. (4.13)

Since the imposed magnetic field in Fig 4.3 corresponds to two flux quantum, this
leads to the phase 4π x

Lx
. This can be clearly observed in the phases ϕ(x, Ly) for

x = 1 and 25, where no discontinuity exists between the upper and lower boundaries
of the system.

4.2.2 BCS coherence length

Analogous to the coherence length ξ introduced in the Ginzburg-Landau theory, the
coherence length ξ0 was also calculated by the BCS theory, and is given by [29],

ξ0 =
~vF

π∆(0)
, (4.14)

where ∆(0) is the superconducting order parameter at absolute zero and vF is the
Fermi velocity obtained by the derivative of the dispersion relation at the Fermi
level vF = 1

~ |∇kεk|k=kF
.

As discussed in Section 2.2, such a coherence length describes the length at which
the order parameter should not change appreciably. This can be interpreted as a
measure of the Cooper pair size, or the vortex diameter. A detailed theoretical
discussion of this can be followed in Appendix B.

Using Eq. (3.14) as the dispersion relation, the momentum derivative is obtained,

∇kεk = 2ta [sin(kxa)ex + sin(kya)ey] . (4.15)

In here, the the Fermi wavevector is chosen such that εkF
= 0.

For a non-circular Fermi surface, one would obtain an angle-dependent coherence
length ξ0(θ). One can see the cause of this dependence in Fig. 4.4 where the
magnitude of Fermi wavevectors become non-uniform along the polar angles θ of a
non-circular Fermi surface.

From the above, the BCS coherence length of an atomic square lattice is,

ξ0 =
2ta

π∆(0)

√
sin2(kxa) + sin2(kya). (4.16)
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4.2. The superconducting vortex
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Figure 4.4: Fermi wavevector of a non-circular Fermi surface (solid line). It is shown
here that generally kF(θ) 6= kF(θ′) =⇒ ξ0(θ) 6= ξ0(θ′)

With the parameters of Fig. 4.2, at t = 1, V = −1.95t, and µ = −0.75t, one
obtains a superconducting order parameter of ∆(0) = 0.24t. Evaluating at two
angles θ = 0, π

4
, one obtains a value of ξ0(0) = 2.04 and ξ0(π

4
) = 3.68. The difference

in the coherence length can be explained in the square-like shape of the vortex,
whereby the diameter of the vortex is longer along its diagonal rather than its sides
d0,vortex(π

4
) > d0,vortex(0), where d0,vortex(θ) = 2ξ0(θ). This is caused by the finite size

effects on the vortex geometry in a square system. In the case of the vortex in study,
the obtained coherence lengths match quite well with its respective vortex diameter,
where d0,vortex(0) ≈ 6 and d0,vortex(π

4
) ≈ 8.

4.2.3 Free energy and vortex lattice structure

In the beginning of the thesis, it has been mentioned that the minimization of the
free energy plays a significant role in the formation of vortex lattice structures.
With our BCS Hamiltonian, we can calculate the free energy FBCS by taking its
expectation value,

FBCS = −
N∑
〈i,j〉,σ

tij〈c†iσcjσ〉 − µ
N∑
i,σ

〈c†iσciσ〉+ V

N∑
i

〈c†i↑c
†
i↓ci↓ci↑〉+

H2

8π
− TS. (4.17)
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4.2. The superconducting vortex

One can expand the interaction term using Wick’s theorem, in terms of mean fields
of all possible pairings [30],

V
N∑
i

〈c†i↑c
†
i↓ci↓ci↑〉 = V

∑
i

(
〈c†i↑c

†
i↓〉〈ci↓ci↑〉 − 〈c

†
i↑ci↓〉〈c

†
i↓ci↑〉

+ 〈c†i↑ci↑〉〈c
†
i↓ci↓〉

)
.

(4.18)

Using Bogoliubov-de Gennes equation, one will then obtain the following free energy,

FBCS = −
N∑
〈i,j〉

tij〈Kij〉 − µ〈N〉+
1

V

N∑
i

|∆i|2 + V
∑
i

〈ni↑〉〈ni↓〉 − TS +
H2

8π

〈Kij〉 =
∑
k

[
u∗ikujkf(Ek) + vikv

∗
jkf(−Ek)

]
〈ni↑〉〈ni↓〉 =

∑
k,l

|uik|2|vil|2f(Ek)f(−El),

(4.19)

where the entropy of the fermionic quasiparticles is calculated by the statistical
entropy of the Fermi distributions f(Ei),

S = −kB

∑
i

[f(Ei) ln f(Ei) + [1− f(Ei)] ln (1− f(Ei))] . (4.20)

Calculating the free energy explicitly, one can observe that the attractive interaction
term does indeed reduce the free energy. This can be seen in Fig. 4.5, where the
numerical calculation of the free energy is performed for both the superconductor
and the normal metal. The superconducting free energy is obtained by inserting
the self-consistent superconducting order parameters and chemical potential. Diag-
onalization of the corresponding matrix then gives us all the required parameters
to calculate the free energy. For the normal metal, one still needs to iterate a self-
consistent chemical potential. However, the trivial solution ∆ = 0 is introduced in
the algorithm.

One can see that the numerical calculation is consistent with the free energy with the
form F ∝ −T 2 [31]. Furthermore, we can see that the superconducting free energy
is indeed reduced compared to the normal metal. Above certain critical temperature
Tc, the superconducting free energy overtakes the free energy of the normal metal
and a phase transition occurs.

It should be acknowledged however, due to finite size effects, numerical calculation of
the free energy shows a deviation in the low temperature regime kBT < 0.05t. This
is particularly visible in the zero-field calculations, as there are few states around
the chemical potential that are accessible in low temperature. This problem could
be remedied by a larger system size, at the cost of computation time. Therefore,
exploring optimization techniques may be useful to achieve a more accurate free
energy.

As an outlook, the free energy calculation can also be used to determine vortex lat-
tice structure that corresponds to the minimum of the energy in a similar manner to
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4.2. The superconducting vortex
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Figure 4.5: Free energy of normal and superconducting metal at various tempera-
tures and magnetic field from the numerical calculation of BCS Theory. Initially, free
energy of the superconductor is minimized, however, after surpassing a critical tem-
perature Tc, the normal state becomes energetically preferable. t = 1, V = −1.7t,
n = 0.35.

the phenomenological description. One can do this by changing the gauge transfor-
mation in the boundary hoppings as shown in Section 3.1.3, such that it correspond
to the vortex lattice structure in study.

One can visualize this through the “stitching” of magnetic unit cells as shown in Fig.
4.6. For hexagonal vortex lattice, a hopping upward would correspond to hopping
to a site such that a vortex will be positioned triangularly between each other.

One needs to take care that under hexagonal lattice structure, the hopping also
depend on the number of flux quatum per unit cell. Furthermore, with a rectangular
magnetic cell, system lengths Lx and Ly have to be adjusted in such a way that the
vortices form the corners of an equilateral triangle. Through simple geometry, one

Figure 4.6: Vortex in square lattice (left) and hexagonal lattice (right). To construct
a vortex lattice, one would need to connect each magnetic unit cell correctly by
changing boundary hoppings such that the vortices align according to the desired
structure.
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4.2. The superconducting vortex

can deduce that in a hexagonal lattice structure for a B = 2Φ0

LxLy
n with n ∈ N it is

required that the approximate ratio between the system length is Ly
Lx
≈
√

3
4
n. Results

of preliminary calculations are displayed in Appendix C.3.

4.2.4 Convergence of the superconducting order parameter
in vortex state

Obtaining a self-consistent value for the superconducting order parameter in the
vortex state is generally more demanding. The complexity of the calculation is
caused by the computation of the phase as well as the formation of the vortex in the
superconducting order parameter. Small changes in ||∆ −∆′|| do not necessarily
imply convergence as the superconducting order parameter is no longer uniform.

To obtain a converged value for the vortex superconducting order parameter, one
would need a convergence criterion of εdiff ≈ 10−16. One needs to strike a balance
between providing accessible states and minimizing computation time for matrix
diagonalization. Alternatively, one can also set a larger attractive interaction V .
However, setting a large V would not give a physically meaningful value, since
interaction energy in superconductivity is at the range of |∆| � t. On the other
hand, setting a smaller V would require a significantly higher iteration to achieve
convergence.

Fig. 4.7 gives an idea of how the convergence path of the superconducting order
parameter. For a 50× 25 system, with an attractive interaction at V = −1.95t, one
would reach several plateau in the convergence until a difference in superconducting
order parameter corresponding to the minimum numerical precision in the change
of the superconducting order parameter is achieved. The evolution of the supercon-
ducting order parameter along the numbers of iterations can be seen in Appendix
C.2.
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Figure 4.7: Convergence of the self-consistent superconducting order parameter.
t = 1, V = 1.95t, n = 0.35, B = 2Φ0

25×50
.
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4.3. Supercurrent

4.3 Supercurrent

Superconductors, when subjected to magnetic fields, give rise to the supercurrent
Js as already discussed phenomenologically. To calculate the supercurrent, we can
evaluate the current flux accross each site using the continuity equation,

(∇ · Js)i + ∂tρ̂i = 0, (4.21)

whereby ρ̂i = −en̂i = −e
∑

σ c
†
iσciσ. With the Heisenberg picture, one can obtain

the operator time-dependent representation,

∂tn̂i =
i

~

[
ĤBCS, n̂i

]
. (4.22)

Inserting the BCS Hamiltonian, one can evaluate three seperate terms,

∂tn̂i =− i

~
∑
σ

( ∑
〈j,k〉,σ′

tjk

[
c†jσ′ckσ′ , c†iσciσ

]
+
∑
j,σ′

µ
[
c†jσ′cjσ′ , c†iσciσ

]

− V
∑
j

[
c†j↑c

†
j↓cj↓cj↑, c

†
iσciσ

])
.

(4.23)

One can find that the first term is the only non-zero term, while the rest of the
commutator vanishes,[

c†jσ′ckσ′ , c†iσciσ

]
= δkiδσσ′c†jσ′ciσ − δjiδσσ′c†iσckσ′[

c†jσ′cjσ′ , c†iσciσ

]
= 0[

c†j↑c
†
j↓cj↓cj↑, c

†
iσciσ

]
= 0

(4.24)

giving us the time derivative of the number density operator,

∂tn̂i = − i
~
∑

j∈nn i,σ

(
tjic
†
jσciσ − tijc

†
iσcjσ

)
. (4.25)

The details of the calculation can be followed in the Appendix.

From Eq.(4.21), we get the the flux from site i,

(∇ · Js)i =
ie

~
∑

j∈nn i,σ

(
tjic
†
jσciσ − tijc

†
iσcjσ

)
. (4.26)

Since the current flux from site i towards a neighboring site j should be equal to
the counter flux from site j to site i, we can immediately deduce from the equation
above that the current flux Js,ji to site j is,

Js,ji =
ie

~
∑
σ

(
tjic
†
jσciσ − tijc

†
iσcjσ

)
, (4.27)

with Js,ji = −Js,ij.
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4.3. Supercurrent

Taking the expectation value of the current flux, one can use the Bogoliubov trans-
formation to obtain the following,

〈Js,ji〉 =
ie

~
∑
k,σ

[
tji

{
u∗jkσuikσf(Ekσ) + vjkσv

∗
ikσ [1− f(Ekσ̄)]

}

− tij
{
u∗ikσujkσf(Ekσ) + vikσv

∗
jkσ [1− f(Ekσ̄)]

}]
.

(4.28)

In similar manner to the way one obtains the gap equation in Section 3.2.4, one can
use the Bogoliubov-de Gennes equation to suppress the spin index in the eigenenergy,

〈Js,ji〉 =
ie

~
∑
k

{[
tjiu

∗
jk↑uik↑ − tiju∗ik↑ujk↑

]
f(Ek↑)

+
[
tjivjk↓v

∗
ik↓ − tijvik↓v∗jk↓

]
f(−Ek↑)

}
.

(4.29)

By summing all the direction of the current flux we get the supercurrent vector Js,i,

Js,i =
∑
k=x,y

(〈Js,ik+〉 − 〈Js,ik−〉)ek (4.30)

one obtain the supercurrent as shown in Fig. 4.8.

As a comparison, one can also use Maxwell’s equation, J = c
4π
∇× B to generate

supercurrent Js,phenom formed by the vortex field distribution from the phenomeno-
logical description in Eq. (2.19),

Js,phenom(r) =
Bac

4π

∑
j

eiQj ·r

1 + λ2Q2
j

i(Qj × ez). (4.31)

By taking a large λ � 1, one can generate the phenomenological supercurrent.
With this one can see that the numerical calculation of the supercurrent from the
BCS theory indeed takes a similar form to the supercurrent derived from the phe-
nomenological description shown in Fig. 4.9. However, it is clear that as one leaves
the vortex center in the phenomenological description, the current vanishes rapidly.
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Figure 4.8: Supercurrent of a vortex state. t = 1, V = −1.95t, n = 0.35, B = 2Φ0

25×50
.
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4.3. Supercurrent
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Figure 4.9: Phenomenological supercurrent of a vortex state. λ = 5, Ba = 1.

This is caused by the high-κ approximation that have been taken earlier, which
allows us to write vortices as a Dirac delta functions. In this regard, we have also
shown the clear advantage of the BCS theory to provide a more physically mean-
ingful result of the supercurrent.

4.3.1 Self-consistent vector potential

The supercurrent as shown in Fig. 4.8 will induce a vector potential in the sys-
tem. Through Maxwell’s equation, one can calculate the vector potential of the
supercurrent As [32],

As(r) =
1

c

∫
d2r′

Js(r
′)

|r− r′|
. (4.32)

Calculating the magnetic vector potential from the supercurrent is generally not
trivial, as one would need to solve a 2D Poisson equation. Nevertheless, a vector
potential can be obtained from finite element analysis with the use of triangular
nodes [33]. Given the vector potential, one can obtain a more physically meaningful
approximation by including the supercurrent in the self-consistent calculation of the
superconducting order parameter, where the total vector potential A is,

A = Aa︸︷︷︸
∇×Aa=Bez

+As. (4.33)

From this it follows that the assumption on the homogeneity of the magnetic field
breaks down. This leads to a non-trivial generator of the Peierls substitution, since
the fields vary significantly near vortex centers.

With this, one can include the update of the vector potential in our iterative
method in Section 3.2.5 along with the Bogoliubov-de Gennes equations to get
a self-consistent vector potential along with its superconducting order parameter.
One should be wary that this may lead in an increase to the complexity of the
self-consistent algorithm, which requires further studies.
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Figure 4.10: Superconducting order parameter deformation due to impurity at po-
sition r = (38, 19). t = 1, V = −1.95t, B = 0.

4.4 Impurities

Impurities can be introduced to represent inhomogeneity in the material. This cor-
responds to adding an impurity term to the Hamiltonian which essentially describes
an on-site chemical potential,

V̂imp =
∑
i,σ

Vimp,ic
†
iσciσ, (4.34)

where Vimp,i > 0 represents an on-site repulsive potential, while Vimp,i < 0 is an
attractive potential. There is also the so-called magnetic impurity, where one intro-
duce a potential that depends on the spin quantum number.

When introducing impurities in our s-wave superconductor, a local deformation in
the superconducting order parameter may arise, in which superconductivity is sup-
pressed on the site of the impurity. On the other hand, superconducting order
parameters will increase in neighboring sites. This characteristic of the impurity
can be seen in Fig. 4.10, where a single impurity potential is introduced in a super-
conductor.
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Figure 4.11: Flux pinning of a vortex at position of impurity r = (38, 19). t = 1,
V = −1.95t, B = 2Φ0
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.
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4.4. Impurities

Physically, this can occur due to the congestion of electrons generated along the
neighboring site as particles are prevented from entering through the potential bar-
rier generated by the impurity.

4.4.1 Flux pinning

Superconducting vortices are also influenced when an impurity is introduced in a
system. Since an impurity may locally suppress superconductivity, to minimize the
free energy, a vortex will position itself in such a way the the energetic contribution
of the superconducting order parameter

∑
i |∆i|2/V is minimized. As a result, a

vortex will position itself at the local suppression caused by impurity.

Flux pinning plays a crucial role in maintaining a large critical current to prevent
energy dissipation caused by the Lorentz force subjected to the vortices.

This can be observed in Fig. 4.11, where the vortex center is positioned at the
location of the impurity. Consequently, due to interactions between vortices, which
can also be seen as other vortex readjust its position accordingly to the position of
the flux pinned vortex.
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Chapter 5

Conclusion and Outlook

Throughout this thesis, the behaviour of conventional superconductors when sub-
jected to a magnetic field has been investigated. Analogies from the phenomenolog-
ical description and an extensive investigation of the real-space microscopic model
of conventional superconductors were explored with the intention of obtaining a
theoretical description that may be suited for practical applications.

Initially, the phenomenological description of superconductivity is presented in Chap-
ter 2 to obtain some fundamental properties of the superconductors in magnetic field.
Through the London equations, one can observe the attenuation of a magnetic field,
vortex lattice structures and the free energy behaviour of vortices in a system.

At the start of Chapter 3, we develop a description of the tight-binding model
in magnetic fields. This is done by introducing Peierls’ substitution and periodic
boundary conditions in the hopping integral of a tight binding model. A numerical
calculation of the eigenenergies gives rise to sub-bands in the energy spectrum as
shown in the Hofstatder’s butterfly (see Fig. 3.2).

The real-space BCS Hamiltonian with s-wave superconductivity is constructed in
the latter sections of Chapter 3. Through the use of the real-space Bogoliubov-de
Gennes equations and a gap self-consistency iterative method, it is shown that one
is able to obtain a real-space picture of superconductivity. Through the temperature
dependence of the gap parameter ∆, one can then observe that it is indeed consistent
with its momentum-space counterpart.

Finally, Chapter 4 explores different behaviours of superconductor in a magnetic
field. As one would expect, the superconducting vortex would arise when a field
corresponding the integer numbers of the flux quantum nΦ0 is introduced. The
existence of these vortices can be confirmed by the change in the magnitude of the
gap parameter and a total phase difference of

∮
∇ϕ = 2π around the vortex center.

From this, the minimum free energy, supercurrent and impurity effects on the vortex
state is studied. Indeed, one may find that the superconducting state in fact, reduces
the free energy of an interacting electronic system, at which it becomes smaller
than the normal state free energy below a certain critical temperature Tc. The
supercurrent generating the vortex can also be found using the continuity equation
and the Bogoliubov-de Gennes equation. It is also that the supercurrent formed,
resembles that of the rough high-κ approximation from the phenomenological model.
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Furthermore, one also finds that the introduction of an impurity may result in the
rise of flux pinning, which is desirable for many practical applications in type-II
superconductors.

Through this thesis, a deeper understanding of the vortex state along with the
nuances of its implementation have been obtained. It is quite clear that the real-
space BCS calculations of conventional superconductors in magnetic fields is entirely
consistent with its phenomenological counterparts such as the London equations and
GL theory.

There are several propositions to extend the numerical calculations of the vortex
state. One of this may be to incorporate the hexagonal vortex structure in the
system as including the induced field from vortex supercurrent in the self-consistent
iterative method. Furthermore, it is also of interest to study in more detail the
vortex lattice structure through the ”supercell method” [24].

As an outlook of this thesis, several avenues of research may be explored. One can
further extend the study of the effect of magnetic field for p-wave superconductors.
This may help discover the mechanisms behind novel superconductors such as the so-
called ”Lazarus superconductivity”, where magnetic field-boosted superconductivity
has been found to be associated with spin-triplet pairings [34]. Furthermore, an
efficient self-consistent iterative method may be needed to accelerate convergence of
the vortex state. Investigating the effect of Nagai’s polynomial expansion method
and Sakurai’s contour integral method in solving the Bogoliubov-de Gennes equation
for the convergence of the vortex may prove useful [35].
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Appendix A

Derivations and Proofs

A.1 Ohm’s law in a steady supercurrent

Under Ohm’s law, we know that a current relates to an electric field with a conduc-
tivity tensor,

J = σ̂E. (A.1)

Now assuming we have a finite steady supercurrent Js = const., the above should
hold if Ohm’s law is valid in a superconducting state. This can be done by evalu-
ating the electric field using Helmholtz theorem, which states that one can write a
vector field that vanishes at infinity as a sum of two parts, the irrotational and the
transverse part [36],

E = −∇Φ +∇×A. (A.2)

From the above, the scalar and vector field can be isolated,

Φ =
1

4π

∫ ∇ · E
|r− r′|

d3r′ A =
1

4π

∫ ∇× E

|r− r′|
d3r′. (A.3)

By inserting Maxwell and London equation, to the above, we get

Φ =

∫
ρ

|r− r′|
d3r′ A =

λ2

4π

∫ ∇× ∂t(ΛJs)

|r− r′|
d3r′. (A.4)

From our assumption of a steady supercurrent, we then have ∂t(Js) = 0 and ρ = 0.
This implies, that both irrotational and transverse part vanishes, which also means
E = 0.

Following Ohm’s law, we then get Js = 0. However, this contradicts our initial
assumption that the supercurrent is constant. Therefore, Ohm’s law, does not hold
in a superconductor.

A.2 Change of the free energy in a vortex

As introduced in Section 2.2.3, we have the integral,

F − Fs0

L s. v.
=

1

8π

∫
0<|r|≤r′

d2r[B2 + λ2(∇×B)2]. (A.5)
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A.3. Finite-difference approximation of the Laplacian

We shall now evaluate the second term of the integral using Einstein notation,
where we use Levi-Civita symbol εijk = ei · (ej × ek), Kronecker delta δij = ei · ej,
and summing over dummy indices,

(∇×B)2 = εijkεilm∂j(Bk)∂l(Bm). (A.6)

With the product rule for partial differentiation we can seperate the products to
two sums. Additionally, using the properties of the Levi-Civita symbol, we can
flip indices under even permutation εijk → εjki for the first term and under odd
permutation εijk → −εkji for the second term. With these indices, one can transform
it back to the vector notation,

(∇×B)2 = εijkεilm[∂j(Bk∂l(Bm))−Bk∂j(∂l(Bm))]

= εjkiεilm∂j(Bk∂l(Bm)) + εkjiεilmBk∂j(∂l(Bm))

= ∇ · [B× (∇×B)] + B · [∇×∇×B] .

(A.7)

Inserting the above to Eq. (A.5), we get

F − Fs0

L s. v.
=

1

8π

∫
0<|r|≤r′

d2r[B2 + λ2(B ·∇×∇×B)]

+
1

8π

∫
0<|r|≤r′

d2r∇ · [B× (∇×B)] .

(A.8)

In the second term, we use the divergence theorem for the special case of a plane,
where for some vector field F, one can transform a surface integral along a surface
into a closed line integral along the normal of the surface [36],∫

S

d2r∇ · F =

∮
∂S

dsF · n̂. (A.9)

Due to the vortex’s tube-like structure, it is convenient to use a cylindrical coordinate
system, in which we take the normal to be the radial unit vector n̂ = er. This in
return, gives us the integral shown in Eq. (2.25),

F − Fs0

L s.v.
=

1

8π

∫
0<|r|≤r′

d2r|B|Φ0δ
2(r) +

λ2

8π

∮
|r|=r′

ds(B×∇×B) · er. (A.10)

A.3 Finite-difference approximation of the Lapla-

cian

For the specific case of nearest neighbor interactions, the Laplacian on the wave-
function ∇2φ(r) can be solved quite explicitly with numerical differentiation and
finite-difference approximation. This involves the usage of Lagrange interpolating
polynomials Pn(x) to approximate some function f(x) along known points xi,

f(x) = Pn(x) +
f (n+1)(ξ(x))

(n+ 1)!

N∏
i=0

(x− xi). (A.11)
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A.4. Fourier transform and anti-commutation relations

The second term of the approximation is the error function, where ξ(x) is some
number that lies between the smallest interval that contains points xi and x. The
interpolating polynomial has the form,

Pn(x) =
n∑
i=0

f(xi)Li(x)

Li(x) =
n∏

j=0,j 6=i

x− xj
xi − xj

,

(A.12)

whereby setting x to some point xi will lead to Pn(xi) = f(xi), since Li(xj) = δij.
A function, and consequently its derivatives, can then be approximated to a close
degree through the Lagrange polynomial, f(x) ≈ Pn(x)⇒ ∂2

xf(x) ≈ ∂2
xPn(x). This

is in particular true for the derivatives if we set the interpolating points to be some
close distance h around x0 (i.e. x0 − 2h, x0 − h, x0, x0 + h...) [37].

From a 3-point approximation of a double derivative one gets,

∂2
xf(x0) ≈ f(x0 − h)− 2f(x0) + f(x0 + h)

h2
. (A.13)

Applying this to the wave function and extending to multiple dimensions, we choose
h to be on the direction of the primitive unit vectors ai,

∇2φ(r) =
1

a2
[φ(r− a1) + φσ(r− a2)− 4φ(r)

+ φ(r + a1) + φ(r + a2)].
(A.14)

A.4 Fourier transform and anti-commutation re-

lations

From Eq. (3.4),

ciσ =
1√
N

∑
k∈B.Z.

e−ik·rickσ. (A.15)

50



A.5. Kronecker delta from exponential sum

With the help of the fermionic anti-commutation relation in Eq. (1.10) we can
evaluate each anticommutation rules in Eq. (3.5) we have,

{c†iσ, cjσ′} =
1

N

∑
k,k′∈B.Z.

ei(k·ri−k
′·rj){c†kσ, ck′σ′}

=
1

N

∑
k,k′∈B.Z.

ei(k·ri−k
′·rj)δkk′δσσ′

=
1

N

∑
k∈B.Z.

ei(k·(ri−rj)δσσ′

= δijδσσ′ ,

{c†iσ, c
†
jσ′} =

1

N

∑
k,k′∈B.Z.

ei(k·ri−k
′·rj){c†kσ, c

†
k′σ′}

= 0,

{ciσ, cjσ′} =
1

N

∑
k,k′∈B.Z.

ei(k·ri−k
′·rj){ckσ, ck′σ′}

= 0.

(A.16)

In the first anti-commutation relation, the Kronecker delta is obtained through a
geometric sum analogous to Section A.5.

A.5 Kronecker delta from exponential sum

Without loss of generality, we assume a discretized real-space with integer coor-
dinate (x, y) ∈ [1, Lx] × [1, Ly], wher N = LxLy is the system size. With the
Born-von Karman boundary condition, we impose a discretized reciprocal coordi-
nate (kx, ky) = (2πn

Lx
, 2πm
Ly

), with n,m ∈ Z. Beginning with the summation of expo-

nentials, we can write it as a product for the x- and y-dependencies which factorize
as follows,

∑
i

ei(k−k
′)·ri =

Lx∑
x=1

Ly∑
y=1

ei(kx−k
′
x)xei(ky−k

′
y)y

=

(
Lx∑
x=1

ei(kx−k
′
x)x

)(
Ly∑
y=1

ei(ky−k
′
y)y

)
.

(A.17)

Evaluating the sum across x, we have two cases. For kx = k′x, this trivially lead to∑Lx
x = Lx. As for the case kx 6= k′x, one can compute this as a geometric series,

Lx∑
x=1

ei(kx−k
′
x)x =

ei(kx−k
′
x)(Lx+1) − ei(kx−k′x)

ei(kx−k′x) − 1

= ei(kx−k
′
x) e

i(kx−k′x)Lx − 1

ei(kx−k′x) − 1

(A.18)

Note that kx − k′x = 2π(n−m)
Lx

= 2πl
Lx

, where l ∈ Z/{0}. By inserting kx explicitly,

one can see that the one will obtain ei2πl = 1 for exponential term in the numerator
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A.6. Peierls substitution: Gradient of the generator

regardless of kx and k′x. This meant that for the case kx 6= k′x, the summation
vanishes. Therefore, the sum across x becomes,

Lx∑
x=1

ei(kx−k
′
x)x = δkxk′xLx (A.19)

Repeating the sum for the y-component in the initial sum will lead to,∑
i

ei(k−k
′)·ri = δkxk′xδkyk′yLyLx = δkk′N (A.20)

A.6 Peierls substitution: Gradient of the genera-

tor

We take the gradient of the generator Λi in Eq. (3.18),

∇Λi(r) =

∫ 1

0

dλ∇ [(r− ri) ·A(ri + λ(r− ri))] . (A.21)

We shall now derive the vector calculus identity of ∇(A ·B). We can show that,

A×∇×B = eiεijkεklmAj∂l(Bm)

= ei(δilδjm − δimδjl)Aj∂l(Bm)

= ei[Aj∂i(Bj)− Aj∂j(Bi)].

(A.22)

Using the product rule we get,

A×∇×B = ei[∂i(AjBj)−Bj∂i(Aj)− Aj∂j(Bi)]

= ∇(A ·B)−∇A(B ·A)− (A · ∇)B.
(A.23)

The gradient on the second term is acting purely on A. Switching the vector around
one will then get,

B×∇×A = ∇(A ·B)−∇B(A ·B)− (B · ∇)A. (A.24)

Summing both cases together and noting that ∇(A ·B) = ∇A(A ·B) +∇B(A ·B)
leads to,

∇(A ·B) = (B · ∇)A + (A · ∇)B + A×∇×B + B×∇×A. (A.25)

Applying the identity above to Eq. (A.21), we have,

∇Λi(r) =

∫ 1

0

dλ[((r− ri) · ∇)A + (A · ∇)(r− ri)

+ A×∇× (r− ri) + (r− ri)×∇×A].

(A.26)

The first term can be rewritten by using integration by part and parametrization of
r′ = ri + λ(r− ri) we will obtain,∫ 1

0

dλA(ri + λ(r− ri)) =

[
λA(ri + λ(r− ri))

]1

0

−
∫ 1

0

dλλ
d(A(ri + λ(r− ri)))

dλ

= A(r)−
∫ 1

0

dλλ
dr′

dλ
· ∇r′A(r′).

(A.27)
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A.7. Commutation relation in supercurrent

Using ∇r′A(r′) = 1
λ
∇rA(r′), we end up with,∫ 1

0

dλ((r− ri) · ∇)A = A(r)−
∫ 1

0

dλA(ri + λ(r− ri)). (A.28)

For the rest of the term, we know that (A · ∇)r = A, ∇× r = 0, and ∇×A = B,
we have,

∇Λi(r) = A(r) +

∫ 1

0

dλλ[���
��−A + A + (r− ri)×B]

= A(r) +

∫ 1

0

dλλ(r− ri)×B.

(A.29)

Since we have assumed a homogenous external field B = Ba, the magnetic field can
be taken outside the integral. Furthermore, by using the Wannier basis, we also
assumed a high localized atomic orbital which means r ≈ ri. With this second term
in Eq. (A.29) vanishes.

This leaves us with the resulting gradient,

∇Λi(r) = A(r). (A.30)

A.7 Commutation relation in supercurrent

As we have seen in Eq. (4.24), to get the form of the supercurrent under Bogoliubov

transformation, one needs to evaluate the commutation relations,
[
c†jσ′ckσ′ , c†iσciσ

]
,[

c†jσ′cjσ′ , c†iσciσ

]
, and

[
c†j↑c

†
j↓cj↓cj↑, c

†
iσciσ

]
.

For the first term, we will use the following commutator identity,

[AB,CD] = A{B,CD} − {A,CD}B
= A{B,C}D − {A,C}BD + CA{B,D} − C{A,D}B.

(A.31)

Inserting the annhilation and creation operators we have,[
c†jσ′ckσ′ , c†iσciσ

]
=c†jσ′

{
ckσ′ , c†iσ

}︸ ︷︷ ︸
δkiδσσ′

ciσ −
{
c†jσ′ , c

†
iσ

}︸ ︷︷ ︸
0

ckσ′ciσ

+ c†iσc
†
jσ′

{
ckσ′ , ciσ

}︸ ︷︷ ︸
0

−c†iσ
{
c†jσ′ , ciσ

}︸ ︷︷ ︸
δjiδσσ′

ckσ′

=δkiδσσ′c†jσ′ciσ − δjiδσσ′c†iσckσ′ .

(A.32)

The second term is just a commutation relation of two density operators [n̂jσ′ , n̂iσ].
This will just return the number density niσ and njσ′ at the two states, and since
the N−particle state will only be scaled by niσnjσ′ , the operators trivially commute,[

c†jσ′cjσ′ , c†iσciσ

]
= 0. (A.33)
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A.7. Commutation relation in supercurrent

For the third term, using the fermionic anti-commutation relation {c†jσ, cjσ̄} = 0 and
{cjσ, cjσ̄} = 0, we then can transform the commutation relation as the commutation
of n̂iσ with n̂j↑n̂j↓, which is again, trivially zero,[

c†j↑c
†
j↓cj↓cj↑, c

†
iσciσ

]
= 0. (A.34)
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Appendix B

Ginzburg-Landau theory and the
coherence length

In statistical mechanics, all thermodynamic properties of a system can principally
be extracted from the partition function Z, which is calculated by summing over all
possible states in some microscopic Hamiltonian Hmic,

Z = tr[exp(−βHmic)] =

∫
D∆(r)W [∆(r)] (B.1)

The right hand side of the equation is the integration over all allowed configurations
of the order parameter D∆(r), weighted with probability W [∆(r)]. In supercon-
ductivity one integrates over a d-dimensional space r ∈ Rd and a complex order
parameter ∆ ∈ C.
In phase transitions, the minimization of the free energy density f is a crucial
thermodynamic variable to analyze,

fV = −β−1 lnZ (B.2)

where V is the system size. While it is theoretically possible to calculate such
partition function, the use of phenomenological parameters may ease the process.
Furthermore, using saddle point approximation, one can replace the entire integral in
Eq. B.1 with the maximum value of the integrand assuming that the order parameter
varies slowly in space. This corresponds to the most probable configuration of ∆ [38].
This leads to the Ginzburg-Landau free energy density function, with a temperature-
dependent phenomenological parameter α, β, and the normal state free energy fn0.

f = fn0 + α|∆|2 +
β

2
|∆|4 +

1

2m∗

∣∣∣∣(~
i
∇− e

c
A

)
∆

∣∣∣∣2 +
h2

8π
(B.3)

The above can also be seen as a power expansion of |∆|2 to the second order. The
third term possesses the canonical momentum in a electromagnetic field due to
quantum mechanics, while h2 takes into account the energy of an external magnetic
field. Through this, one may determine the minimization of free energy through
f − fn0.

There are several interesting observation that one can extract from Ginzburg-Landau
free energy as shown by Tinkham. Assuming the absence of fields and gradients, we
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Figure B.1: Ginzburg-Landau free energy for α > 0.

are left with the term,

f − fn0 = α|∆|2 +
β

2
|∆|4 (B.4)

From this, one finds that for α ≥ 0 the minimum free energy occurs at |∆|2min = 0,
which is trivially the normal state. A more interesting case lies for α < 0, where
one obtains a minimum whereby f < fn at |∆|2min = −α

β
(see Fig. B.1).

Since we have assumed that the order parameter varies slowly, we know that it is
the magnetic term h2

8π
that plays a big role to fulfill the difference in free energy.

With this, it can be deduced, that the gap between the free energies correspond to
the critical field,

H2
c

8π
= f − fn0 (B.5)

This information will be crucial for chapter 4 to estimate the critical field at which
a phase transition occurs.

Another observation one can discuss, is the minimization of the free energy along
the order parameter, to obtain the well-knowned Ginzburg-Landau equations.

α∆ + β|∆|2∆ +
1

2m∗

(
~
i
∇− e

c
A

)2

∆ = 0 (B.6)

For simplicity, one can treat this differential equation in one-dimensional space under
A = 0. Normalization of the order parameter with Ψ = ∆

∆min
gives us,

ξ2 d
2

dx2
Ψ + Ψ−Ψ3 = 0, ξ2 =

~2

2m∗|α(T )|
. (B.7)

From the equation above, we have obtained another characteristic parameter ξ called
the coherence length. This length determines the spatial variation at which an order
parameter increases. Naively speaking, the coherence length then defines the length
scale at which electrons can play a role in the superconducting state [15].
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Appendix C

Figures and Calculations

C.1 Magnetic field distribution of vortex lattice

Figure C.1: Field distribution (left) of a hexagonal lattice using the Fourier se-
ries with its respective contour plot (right) where saddle points are indicated by
intersecting contour lines. The unit cells are shown as dotted lines. λ = 1. Ba = 1.

Figure C.2: Field distribution (left) of a square lattice using the Fourier series with
its respective contour plot (right) where saddle points are indicated by intersecting
contour lines. The unit cells are shown as dotted lines. λ = 1. Ba = 1.
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C.2. Visualization convergence of the vortex state

C.2 Visualization convergence of the vortex state

The following is the convergence of gap parameter forming the vortex state.
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Figure C.3: Convergence of gap parameter with numbers of iterations. t = 1,
V = −1.95t, B = 2Φ0

LxLy
.
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C.3. Preliminary calculation of the hexagonal vortex lattice

C.3 Preliminary calculation of the hexagonal vor-

tex lattice
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Figure C.4: Preliminary calculation of the hexagonal vortex lattice. The system
lengths Lx ×Ly is set in such a way that it ideally accomodates a hexagonal lattice
structure of the vortex. Note that this is not yet converged.
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